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Abstract

In this paper, we investigate a class of nonlinear Langevin equation involving one fractional order « € (0, 1] with three-point
boundary conditions. By the Banach contraction principle and Krasnoselskii’s fixed point theorem, the existence and uniqueness
results of solutions are obtained. Two examples are given to show the applicability of our main results.

Keywords: Fractional Langevin equations, fixed point theorem, existence and uniqueness.
2010 MSC: 26A33, 34A08, 34A12, 34B15.
(©2019 All rights reserved.

1. Introduction

Fractional calculus has been extensively studied and developed during the last few decades due to
its important application in many areas. It has become a new research field in differential equations
[9, 16, 23, 26]. The Langevin equation (first formulated by Langevin in 1908) is found to be an effective
tool to describe the evolution of physical phenomena in fluctuating environments [6]. As the intensive
development of fractional derivative, the fractional Langevin equations have been introduced by Mainardi
and Pironi [14]. The general form of the nonlinear fractional Langevin equations is presented as

DX(CDP +y)u(t) = f(t, u(t)),

where D% and °DP are the Caputo fractional derivatives and f : [0,1] x R — R is a given continuously
differentiable function, m—1 < a < mand n—1 < 3 < n, m,n € N [22]. It worth mentioning
that mainly, fractional Langevin equations have been studied extensively. Recently, the existence and
uniqueness solution for the nonlinear fractional Langevin equations involving two fractional orders was
studied in [1-8, 11, 12, 15, 17, 21-25, 27] and the extensive list of references given therein. With different
unit intervals of values to two fractional orders « and 3, many authors introduced their works. For
instance, [3, 4, 22, 24, 25] concerned with m—1 < a < mandn—1 < B < n, myn € N, [1, 15, 21]
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concerned with 0 < o, 3 < 1, [2,7, 12, 27] concerned with 0 < a < 1and 1 < B < 2, [5, 11] concerned
withl <o <2and 0 < 3 <1, and Gao et al [8] concerned with 1 < «, < 2.
Inspired by the papers mentioned above, in this paper we consider the nonlinear fractional Langevin
equations
CDX(D?+A2)u(t) = f(t,u(t)), telo,1], (1.1)

subject to the three-point boundary conditions
u(0)=0, u’(0)=0,  u(l)=PRum), (1.2)

where ¢D* is the Caputo fractional derivative of fractional order « € (0,1], D? is the second ordinary
derivative, f: [0,1] x R — R is a continuously differentiable function, and A € R and 3 € R such that:

sin A

B #

sinAn’

Some of the most elegant examples of Chua’s circuit and its many variants were motivated by the
discovery of the simple third-order differential equations of the form X = F(X, X, x) whose solutions are
chaotic [18, 20]. The systems of the former form have been called Jerk equations (time derivative of
acceleration) [19]. A simple Jerk circuit that allows studying chaotic dynamics in terms of theoretical
variables x, %, X and X and their equivalent experimental outputs was modeled as [13]

X +A1X+Ax+ Aslx| + Ay =0 (1.3)

with Ay, (i = 1,2,3,4) being control parameters might behave chaotically for suitably chosen control
parameter values and initial conditions.

Our interest in studying the Langevin problem (1.1) comes from its application as a model for physical
systems exhibiting anomalous diffusion. In fact, it is well known that in many cases the most convenient
way of describing the time evolution of the velocity of the Brownian motion is to use the Langevin
equation [7]. It is worth pointing out that the equation (1.1) can be considered as a fractional form of
the Jerk chaotic equations mentioned above. Therefore, our work can be considered as a contribution of
development class of chaotic electrical circuit.

In the beginning of the paper we provide some basic concepts on the fractional integrals and deriva-
tives. Then, we use the Banach contraction principle and Krasnoselskii’s fixed point theorem to study the
existence and uniqueness solution of the three points boundary problem (1.1)-(1.2).

2. Preliminaries

Here, we recall several known definitions and properties from fractional calculus theory. For details,
see [9, 16].

Definition 2.1. The Riemann-Liouville fractional integral of order o > 0 for a continuous function f :
[0,00) — R is defined as

« B t (t_s)oc—l
I[%f(t) = Jo Wf(s)ds,

where T'(.) denotes the Gamma function, provided that the right-hand-side integral exists.

Definition 2.2. Let n € IN be a positive integer and « be a positive real such that n —1 < o« < n, then the
fractional derivative of a function f : [0, c0) — R in the Caputo sense is defined as

cTyo _ 1 ¢ n—oa—1g(n)
D f(t) = MJO (t—S) f (S)ds,

provided that the right-hand-side integral exists and is finite. We notice that the Caputo derivative of a
constant is zero.
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Lemma 2.3. Let n € Nand n —1 < « < n. If wis a continuous function on [0, 1], then we have
1% CD*u(t) = u(t) +co+crt+---+cngt™ L
Lemma 2.4. The unique solution of the fractional differential equation
‘DYD*+M)u(t) =0(t), n-l<a<n neN,

where © is a continuous function on [0, 1], given by

1 (t s (S_T)ocfl n-1 .
u(t) = X L sinA(t—s) ( Jo We(ﬂd’t + Z cis‘) ds + cn, COSAt + ¢y 11 COS AL, (2.1)
i=1

where ci,1=0,1,...,n+ 1 are constants.

Proof. Assume that u(t) satisfies (2.1), then Lemma 2.3 and the variation of parameter method imply the
desired results. 0

Lemma 2.5. The function u(t) is a unique solution of the boundary value problem (1.1)-(1.2) if and only if it is a
solution of the nonlinear mixed Fredholm-Volterra integral equation

u(t) = }I\Jt sin At — s)(r (S_T)(le('r,u('t))d’t) ds

0 o Tle)
sin At o S (s —m)x1
+ = [B L sinA(n —s)(L Wf(’r,u(”c))d’c) ds 2.2)
1 ] s (S —T) ox—1
— L sinA(1 — s)(J'0 Wf(T,u(T))dT) ds} ,
where
A =A(sinA — B sinAn) #£ 0. (2.3)

Proof. Applying Lemma 2.4, when 0 < o« < 1, we get

t

sinA(t—s) ( JS (S_T)alf('t,u(’t))dT) ds. (2.4

1
u(t) = cqcos At +cosinAt + ;\g(l—COSAt)"';\J o T(x)

0

Using the boundary condition (1.2), we find that c¢g = ¢ =0, and

1

_ n ) s (S_T)ocfl ) S (S—T)‘Xﬁl
= A Jo sinA(n — s)(JO WG(T)d’r) ds — Jo sinA(1—s) (L We(ﬂd't) ds
Substituting these values of ¢y, c1, ¢z in (2.4), we get (2.2). This completes the proof. O

3. Existence of solution

Let E = C([0,1],R) be the Banach space of all continuous functions from [0,1] — R endowed the
norm defined by
[ull = sup{lu(t)], t € [0,1]}.

For the sake of convenience, we set

N A1(7\ + 1) + Aﬁlnohq

B ,
AT (o +2)

(3.1)
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where 31 = [B|, A; = |A| and A is given by (2.3). In view of Lemma 2.5, we transform problem (1.1)-(1.2)
as
u="T(u), (3.2)

where T : E — E is defined by

t

(Tw)(t) = % J sinA(t—s)(Js (S_Wf(T,u(T))dT) ds

0 o Tle)
: ul S _ ya—1

+ SHZ\t {[3 Jo sinA(n —s) (L %f(’t,u(’t))d’t) ds
1 ) S (S—T)“*l

— L sinA(1— s)(L Wf(’t,u(’t))d’t) ds].

Observe that problem (1.1)-(1.2) has solutions if the operator (3.2) has fixed points.

Theorem 3.1. Let f:[0,1] x R — R be a jointly continuous function satisfying the condition
f(t,w) —f(t,u) < Klwp —wal,  Vte[0,1,x,y€R,

where K is the Lipschitz constant .Then the boundary value problem (1.1)-(1.2) has a unique solution if B < 1/K,
where B is given by (3.1).

Proof. As a first step, for T defined by (3.2), we show that TB, C B,, where B, ={u € E : ||u|| < r}. For
that, set SUPi (01 lu(t,0)] = o and choose r > (0B)/(1 — KB), where B is given by (3.1). For u € B, , we
have

[(Tu)(t)|| = sup 1Jt sin?\(t—s)(JS wf(T,u(T))d’r)ds

tefo,1] 1A Jo o I«
sin At no. S (s —7)x1

+ A [B JO smA(n—s)(L Wf(ﬂt,u(ﬂr))d’r) ds
r S (s—1)x!

— Jo sinA(1—s) (JO Wf(ﬂt,u(ﬂr))d’r) ds]

t s _ Aya—1
< sup (ij (J (sr(rz)c)(|f(T,u(T))—f(T,O)|+|f(T,O)|)dT>dS>

t€(0,1] 0 0

Al o I«

—i—r (JS w(lf(nu(ﬂ) —f(t,0)| + |f(T,0)DdT> ds]

s a1
+ a1 (], gt ul) 1,00+ s o)) as

o \o o Tx)
t
< sup ] (] S K|u(w)|+|f(T,0)|)dT)ds)
+|A|[|B| 0 (J SO (Kl + f(r, 0) ) ds
" f (]; H);”(Km( )l +If(x, 0) ) d) ds]

HSI S (s—1)t
< (Kr+0) ( tséuop1 IAIJ +J ) (Jo 71,(0() dT) ds

1 7\+ 1 +7\f311’]o‘+1
AAT (o +2)

< (Kr+ )‘ =(Kr+o0)B<r
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Now, let uy, u, € E for each t € [0, 1], we obtain

[(Tug)(t) = (Tu2) (t)|| = sup [(Tug)(t) — (Tuz)(t)]
tel0,1]

1 t s _ ya—1
< sup] { (7\ Jo (L (Sr(r?c)lf('r,ul(ﬂc)) —f(’r,uﬂ’t))\d’r) ds>

te(0,1

m s o x—1
+zuﬁl 0 <J0 (Sr&'”Wl(ﬂ)—f(wzm)m)ds

+ J : (J 0wy ) — £(7,15(7) | d) ds] }

o Vo T(x)
B 1 t @ | 1 < s (S—T)“il >
< Klug —uy|| (?\ tzl[l(]}i] L +\A| L -l—J;)) L ) dt ) ds

= BK]|ju; —uy||.

By virtue that B < 1/K, then the operator T is a contraction. Therefore, the conclusion of the theorem
follows by the contraction mapping principle. This ends the proof. O

Now we study the existence of solutions for boundary value problem (1.1)-(1.2) by satisfying the
conditions due to Krasnoselskii’s fixed point theorem that is as follows.

Theorem 3.2 ([10]). Let Q) be a closed convex and nonempty subset of Banach space E. Let 1 and J, be two
operators such that:

1. Fiz+Frz € O);
2. Jy is compact and continuous;
3. 3 is a contraction mapping.

Then there exists z € Q such that z = F1z + F»z.

Theorem 3.3. Assume that f : [0,1] x R — R be a jointly continuous function and the following assumptions
hold:

(Hy) [f(t,w) —f(t,up)| < Klug —upl, vt e [0,1],ug,up; € R;
(Ho) [f(t,w)| < w(t) forall (t,u) € [0,1] x R with w € C[0,1].

Then the boundary value problem (1.1)-(1.2) has at least one solution in [0,1] if A < 1/K, where A is given by

A BN 4+ Ay
= AN xt2)

B1 =B, and Ay = |Al.

Proof. Set sup,c(oq) lw(t)] < [|w]| and consider B, = {u € E : |lu|| < r} with fix

- A1(7\+1)+}\B11’]“+1
- AT (x +2)

[[ewl]-

Define the two operators T; and T, on B, as

t s A a1
(T () = ;\L SinA(t — s)(L (Sra)f(nu(ﬂ)dx) ds,

_ sinAt no S (s—m1)x 1
(Taw)(t) = = [[3 L smx(n—s)(L Wf(’t,u(’t))d’r) ds
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E sinA(1 — s)(E (S;(To)c;)(lf(’r,u('r))d’t> ds].

For uy,u; € B, it follows from (3.2) that

A(A+1) + 2B~ +!
AALT (o +2)

Mo + T | < \ ol <.

Therefore, Tyuy + Toup € B,.. By virtue of A < 1/K it can be easily shown that T, is a contraction mapping.
The continuity of the operator T; comes from the continuity of the function f. Also, T; is uniformly
bounded on B, as

HTll,LH < —.

To prove the compactness of the operator Ty, assume that D = [0, 1] x B, C [E and define SUP (¢ u)eD [f(t,u)| =

H,. Let
1 1
, eAl(oc+2) 1= [ eAl(a+2) |
6= , , Ve > 0.
mln{[HrU\—FOC—i— 1)] [Hr(k+2“+1) €

Thus, for all u € B, and t1,t, € [0,1] witht; <ty and t, —t; < &

1) s o ya—1
ITutes) - (] = | [ sinatea =) | S0l uimar)as

0 o Tl
_;EkmMu—w(ﬁ“ﬁﬂgqﬂLMﬂmﬁds
< HT El [sinA(ta —s) —sinA(t; — )] L (S_F(T;)“_ldr) ds
o () e
SN

< — T A(tp — t )t gt ot
?\F(oc+2)[(2 DU 1

which is independent of u and tends to zero when t, — t;. It obvious that t, > 6 and there are two
probabilities for t; and 6.

Case I: 6 <t; <ty <1, the mean value theorem implies that there exists t € (t, t2) such that
8 — 2 = (o 1)t — tg)t* < (o + 1)t Mt < (o +1)8%.
Hence, we obtain

H A+ a+1)

H, _
Tiw) (t2) — () ()] € —=——— (A8t '] 1)5% 5% < e.
|(Truw) (t2) — (Tau) (t1) || A (o +2) (ASEY ] + (x+1)8%) < ) <e
CaseII: 0 <t <d <ty <1landso t; <20. These imply that
H. H, (A + 2%+
Tt — (Tlwty ]| < ————— (A§* T2 4 (26)%+1 o T2 gt )

Therefore, the operator Tj is relatively compact on B,. Hence by the Arzela-Ascoli Theorem, the operator
Ty is compact on B,. Thus all assumptions of Theorem 3.3 are satisfied and the conclusion of Theorem
3.2 implies that the boundary value problem (1.1) and (1.2) has at least one solution in [0,1]. O]
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4. Examples
We present two examples to better illustrate our main results.

Example 4.1. Consider the following initial value problem

D (D2 +16)u(t) = K(t% —sin(t) + tan~" u(t)>, 0<t<1,0<a<l, w1
u(0)=0, u’(0)=0, u(l)=2u(}).
Here, f(t,u(t)) = K(t% —sin(t) +tan~! u(t)>,7\ =4,p=2n= % Clearly
[F(t, w1 (1) — ft, uz(t)| < Klug —uy
and X
B 5A1 +2(%)(i)
- 3ymAy
For K < 1.056222342, it follows by Theorem 3.1 that problem (4.1) has a unique solution.
Example 4.2. Consider the following initial value problem
DI (D2 +9)u(t) = K(cos(t)u(t) —1), 0<t<1,0<a<l, 12)
u(0)=0, u”(0)=0, wu(l)=3u(2). '

Here, f(t,u(t)) = K(cos(t)u(t) — 1),?\ =3,=3,1n= % Clearly
[£(t, w1 (1)) — f(t, ua ()] < Khug —up
and .
_4A+3(H))
COBAT(2+3)
For K < 1.197197490, it follows by Theorem 3.1 that problem (4.2) has a unique solution.

5. Conclusion

The existence and uniqueness of solutions for three-point boundary value problem involving Langevin
equation with one fractional orders has been discussed. We apply the concepts of fractional calculus
together with fixed point theorems to establish the existence and uniqueness results. To investigate our
problem, we apply Banach contraction principle and Krasnoselskii’s fixed point theorem. Our approach
is simple and is applicable to a variety of real world problems.

As a special case, the existence results for a nonlinear third-order differential equations with a three-
point nonlinear boundary value problem

(D®+A*D)u(t) = f(t,u(t)), telo,1],
subject to the three-point boundary conditions
u(0) =0, u”(0)=0, u(l)=pum),

can be obtained by fixing & =1 in the results of this paper which can be considered as a special case of a
simple Jerk Chaotic circuit equation (1.3).
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