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Abstract

In this paper, we establish new Ostrowski type inequalities involving fractional integrals with respect to another function.
Such fractional integrals generalize the Riemann-Liouville fractional integrals and the Ostrowski type fractional integrals.
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1. Introduction

The following Ostrowski inequality is well known [4]:

b

_atb)?
f(x)—biajf(t)dt < [i+(x(b_z)2)] M(b—a).

a

Ostrowski proved this inequality in 1938, and since then it has been generalized in a number of ways (see
[1-3,5,7,9]).
In [10], the class of functions which are h-convex has been introduced by Varosanec as the following.

Definition 1.1. A function f: I — R, 8 # I C R being an interval, is called h-convex if
f(tx + (1 —t)y) <h(t)f(x) +h(1—1t)f(y)
holds for all x,y € I,t € (0,1), where h: ] = R, h# 0 and ] is an interval, (0,1) C J.

In [8], Sarikaya et al. proved that for h-convex function the following variant of the Hadamard in-
equality is fulfilled:

b
1 a+b 1 1
Df( )gb Jlf(x)dxg[f(a)—i—f(b)]J h(t) dt. (1.1)
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The aim of this paper is to establish new Ostrowski inequalities for h-convex functions involving
fractional integrals with respect to another function. The obtained results generalize some existing results
from the literature.

First, we give some necessary definitions of fractional calculus theory that will be used through this
paper. For more details, one can consult [6].

Definition 1.2. Let f € L([a, b]). The Riemann-Liouville integrals I, f and Iy f of order o> 0 with a > 0
are defined by

X b
1 1
1% f(x) = — J (x—t)* 'f(t)dt,x>a and I¥f(x)= - J (t—x)* 'f(t)dt,x < b,
() I («)
a X
respectively, where I' () is the Gamma function. Here I, f (x) = I f (x) = f(x).
In the case of a= 1, the fractional integral reduces to the classical integral.

Definition 1.3. Let g : [a,b] — R be an increasing and positive function on (a, b], having a continuous
derivative g/ (x) on (a,b). The fractional integrals I gf and Iy gf of f with respect to the function g on
[a, b] of order a> 0 are defined by

% ot (x) = 1J(g (x)— g ()% g (1) F(1)dtx > a

and
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respectively.

Observe that for g(x) = x the above fractional integrals reduce to the Riemann-Liouville fractional
integrals.

Throughout this paper, we will assume that g : [a,b] — R is an increasing and positive function on
[a, b], having a continuous derivative gl (x) on (a,b).

2. Main results

In order to prove our main theorems, we need the following Lemma.

Lemma 2.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with a < b, f : [a,b] — R be integrable on
[a,b], and x € (a,b). Then the following equality holds:

1 o 1 N
2(g o) g™ o O S g an= o (@)

f(x)—F(oH—l)[

x—a ! o
:2(g(x)—g(a))°‘L (gitx+(1—t)a)—g(a))™f (tx+ (1 —t)a)dt
— box Jl (g(b) —g(tx+ (1—t)b))*f (tx+ (1 —1t) b) dt.
2(g(b) —g(x)* Jo

Proof. By integration by parts and changing the variables, we get

1
L :L (g(tx+(1—t)a)— g ()™ (tx+(1—t)a) dt
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——(gtx+ (1-t)a)—g(a)* F(tx+(1-V) a) [

1
—ch (g(tx+(1—1) a)—g(a))"‘_1 g/(tx~|—(1—t) a)f(tx+ (1 —1t)a)dt
0

_ ! {(g (x) —g (@)™ f(x) —ocj(g (W—g(a)* g (wf(u) du}

XxX—a

and similarly

1
I :L (g(b) — g (tx+(1—1)b))* f (tx+(1—1)b) dt
1

= 4 (g(b)—g(tx+ (1 =) b))* f (tx+ (1 - 1) b) [}
J b)—gtx+(1—t)b)* g (tx+ (1 —1)b) f(tx+ (1—t)b) dt
1 b
bx{(g(b)g( ))“f(x)—ocj(g(b)—g(u))“19’ (1) f () du}
1
= ———{lg® =g ¥ F =T (a+ DI o ()}
Thus, we can write
1 x 1 x
Fh) = let [2(g(b)—g( TIPS )]
_ X — I b—x I
T 2(g)—gla)® ! 2(gB)—g(xN*
which completes the proof. O
Throughout this paper, let
1 (0.4 1 (0.8
I(f,gxab)="F(x)—T(x+1) {2(g(b)—g(x))“1"+’9f(b)+2(g(x)—g(a))“lx gf( a)l.

Now, we are ready to state and prove our results.

Theorem 2.2. Suppose that all assumptions of Lemma 2.1 hold. Additionally, assume that | f' | is h-convex on
[a,bland | f (x) < M, | g' (x) IS L, x € [a,b]. Then for each x € (a,b) the following inequality holds:

a+1 (b o

e ablis L(g(x)—g(a))“ T 2(gb)—g(x) 0

o+1 1
(x—a) )™ “] ML"‘J t*(h(t) +h(1—1))dt. (2.1)

Proof. From Lemma 2.1 we have

X—a
2(g(x) —g(a)®
b—x
2(g(b)—g(x)*

| 1(f,g,x,a,b) | <

1
L (g(tx+(1—t)a)—g(a))* | f (tx+(1—1)a) | dt

1
+ J (g(b)—g(tx+(1—t)b)* | (tx+(1—1)b) | dt.
0
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Since g is differentiable and | g' (x) I< L on [a,b], we get that g is the Lipschitzian function. This
means that

gitx+(1—t)a)—g(a) <Lt(x—a) and ¢g(b)—g(tx+(1—t)b) <Lt(b—x).

Since | ' | is h-convex on [a, b] and | ' (x) |[< M, we get

1
Jo (gitx+(1—t)a)—g(a))™| £ (tx+(1—t)a)|dt

1 1

o (| £ (x) | h(t)+]|f (a) Ih(l—t)) dtgL“(xa)“MJ t% (h(t)+h(1—1))dt

<L“waWJ .

0

and similarly

1
JO (g(b)—g(tx+(1—t)b)* | f (tx+(1—t)b) | dt

1 1
o (| £ () | h(t)+]f (b) |h(1—t)) dt < L& (b—x)“MJ t% (h(t) +h(1—1))dt.

<L°‘(b—x)“J .

0
Hence, we have
1

ML"‘J £ (h(t) +h(1—1) dt,
0

o+1 a+1
|Hﬂg&ab”<[ (x—a) (b—x) ]

& + x
2(g(x)—g(a))™  2(g(b) —g(x))
which completes the proof. 0

Corollary 2.3. In Theorem 2.2, if we take h(t) = t, the inequality (2.1) becomes the following inequality for convex
function:

ML*
(x+1)°

(X——GJ“+1 (b-—XJ“+1

2090 —g@)® 2(g(b)—g M)~

Corollary 2.4. In Theorem 2.2, if we take h(t) = t%, s € (0,1], then inequality (2.1) becomes the following
inequality for s-convex functions:

Hﬂg&&bﬂél

o+1 o+1
|I(f,g,x,a,b)|<! (x—a) (b—x) ] a[ 1 Mo+ 1)T (s+1)

29 —g(a)® 2(g(d) —g )~ atsil ' T(ats+2)

Remark 2.5. In Theorem (2.2), if we choose g(x) = x, then inequality (2.1) becomes the inequality 2.2 of
Theorem 1 in [3].

Theorem 2.6. Suppose that all assumptions of Lemma 2.1 hold. Additionally, assume that | f' |9 is h-convex on
[a,b], g > 1, and | f (%)< M, gl (x) IS L, x € [a,b]. Then for each x € (a,b) the following inequality holds:

(x —a)*™! (b—x)*"! ML* 1 T
HEoxablis [2(9 - g@) " 2(g(b)—g (x))“] T (40 Y dt) S

1 1 _
where > + 9= 1.
Proof. From Lemma 2.1 and using the well known Holder inequality, we have

(X——GJ“+1

|1(f,g,x,a,b) | <L*
J 2(g(x)—gl(a

1 I
naLt|fﬁX+U—ﬂaHdt
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(b o X) o+1

2(g(b)—glx
[od (X—Cl)“_H 1 - P 1 - .
S g@)” (Lt dt) <L'”t"+“ ta) 1 dt

ol (b_x)‘x+1 ! xp % L i q %
L 2(g(b)—gx))* (Lt dt) (LIf(tXJr(l t)b)[9dt| .

Since | ' |9 is h-convex on [a,b] and | f' (x) |< M, we get

+L*

1 i
I Lt £ (tx+ (1—1)b) | dt

q

1 1 1

| (tx+ (1—1)b) |9 dthMqJ h(t) dt,

1
J I (tx+(1—1t)a) | dthMqJ
0

h(t)dt and J
0 0

0

and by simple computation

1
J tPdt = .
0 ap+1

Hence, we have

(X— CL) o+1 (b _X)O(+l ML 1 %
Hboxablis lztg(x)—g(a))“*2(g(b)—g(x))°‘] op+ 1) <2Lh(” dt) '

which completes the proof. O

Remark 2.7. In Theorem 2.6, if we choose g(x) = x, then inequality (2.2) becomes the inequality 2.6 of
Theorem 2 in [3].

Theorem 2.8. Suppose that all assumptions of Lemma 2.1 hold. Additionally, assume that | £ |9 is h-convex on
[a,b]l,q > 1, and | f (x) I<KM,] g' (x) I< L, x € [a,b]. Then for each x € (a,b) the following inequality holds:

| 1(f,g,x,a,b)|

(x—a)*"! (b—x)**! (X<1>1—é o B i (23)
2(g(x)—g(a))“+2(g(b)_g(x))“]ML a1 Lt (h(t)+h(1—-t))dt| .

Proof. From Lemma 2.1 and using the well known power mean inequality, we have

« (X_a)(erl 1 L B
|I(f,9/X,a,b)|<L Z(Q(X)—g(a))ocjot |f (tx+(1 t)a)|dt
x (b_X)OH_l ! o | ¢ —
“ Z(Q(b)—g(x))“Lt | (tx+(1—1)b) | dt

1

x (X_a)a+1 ! o« 1_% ! P %
S g —g(@)” (Lt dt) Lt [ (tx+(1—t)a) [T dt

& (b_x)aJrl ! x 1_% ! [ ! o q q
t 2(g(b)—g(x)* <Lt dt) <J0t | f (tx+ (1—t)b) |9 dt] .

Since | ' |9 is h-convex on [a,b] and | f' (x) |< M, we get

1 1
J £ (tx+ (1—t)a) 9 dt < qu £ (h(t) +h(1—1) dt
0 0
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and
1 / 1
J ) f (tx+(1—-t)b)[Tdt < MqJ t*(h(t)+h(1—1t))dt.
0 0
Hence, we have

|1(f,g,%x,a,b)]
(x—a)*" (b—x)*"! ( 1 )1—3 ! i
S X o « [ _ = (o4 1— )
S [2(g(x)—g(a)) +2(9(b)—9(x)) ] ML a1 Lt (h(t)+h(1—-1))dt
which completes the proof. -

Remark 2.9. In Theorem 2.8, if we choose g(x) = x, then inequality (2.3) becomes the inequality 2.10 of
Theorem 3 in [3].

Theorem 2.10. Suppose that all assumptions of Lemma 2.1 hold. Additionally, assume that | f' |9 is h-convex on
[a,bl, q > 1, and | f (%) <M, | g/ (x) IS L, x € [a,bl. Then for each x € (a,b) the following inequality holds:

(x — a)oc+1 (b_x)oc—H N 1 % 1 %
P o ablls lz(g(x)—g(an"‘+2(g(bJ—9(x))°‘] 2w () (Lh(”‘“> :

1,1 _
whereg—i—a—l.

Proof. From Lemma 2.1 and using the Holder inequality, we have

N (X_a)(x+1 1 op %
oD IS g —g (@) (Lt dt) (

o (b—x)**! 1(Xp 5/ / ) q 1
t 2(g(b)—g(x)* (Lt dt Llf(tx+(1 t)b) |9 dt] .

Since | f' |9 is h-convex, by (1.1) we have

1 a
J f (et (1—1) a) |9 dt)

0

1

1 ! 1 T ! ! !
J 1 (tx (1—1) a) |9 dtzjlf (W) ¢ du< 116019+ 17 (a) |qH h(t) dt
0 x—a 0

and
1 ! 1 b / ! ! 1
J It (tx+ (1—1)b) |9 dt:bXJIf (W) |9 du < [|f (x) |9 du+ | £ (b) |qH h(t) dt.
0 - 0
xX
Therefore we obtain

(x—a)
2(g(x)—g(a))*

o (b_x)“+l / q / q < 1 >]13 1
L ) g ooy (F BHIT I )19 | (o Joh“)dt

(x—a)*" (b—x)*""! « q( ! )‘3’ 1 q
2(9(X)—9(a))“+2(9(b)—9(><))“]ZLM op +1 Joh(t)dt '

which completes the proof. O

|1(f,g,x,ab)| < |L

£ (x) 19+ (a) |9
( )

al=

Remark 2.11. If we choose h(t) = t or h(t) = t5, s € (0,1] in Theorems 2.6, 2.8, and 2.10, we obtain the
inequalities for convex or s-convex functions, respectively.
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