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Abstract

This paper aims to define rational type (x-©)-contraction in controlled metric space and obtain some advanced fixed point
theorems. The outcomes generalize and extend various famous results in the literature. An example and certain consequences
are presented to illustrate the significance of established results.
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1. Introduction

In 1906 Frechet provided the conception of metric space which was an axiomatic development in
functional analysis. Due to its simplicity, it has been generalized by several researchers[1-19] in the recent
past.

Czerwik [9] defined the conception of b-metric space in this way.

Definition 1.1 ([9]). Let W # () and b > 1. A mapping kp, : W x W — [0,00) is called a b-metric if these
assertions hold:

(bl) kp(L,s)=0<=1=s5;
(b2) kp(L,8) =Kp(s,t) forall i,s €W;
(b3) kp(L,z) < blkp(l,s)+kp(s,z)] foralls,ze W.

Then (W, ky) is called a b-metric space (b-MS).
Kamran et al. [14] gave the notion of extended b-metric spaces in 2017.

Definition 1.2. Let W # (), p : W x W — [1,00) and ke : W x W — [0, 00). Then k. is called an extended
b-metric if
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(i) ke(y,s) =0if and only if L =s;
(ll) Ke(L/S) = Ke(S, L);
(iil) ke(t, s) < p(y s)lke(t, z) + ke(s, z)]

forall i, s,z € W. Then (W, k) is said to be an extended b-metric space (Eb-MS).
Currently, a new type of a space was given by Mlaiki et al. [16].

Definition 1.3. Let W # 0, p : Wx W — [1,00), and kp : Wx W — [0,00). Then «y, is said to be a
controlled metric if

(i) kp(1,s) =0if and only if L ='s;
(ii) Kp(Lz s) = Kp(sz V;
(i) xp(y,s) <plLz)kp(L,z)+Pp(s,z)kp(s, z)

for all i, s,z € W. The pair (W, (k;,) is called a controlled metric space (CMS).
In 2015, Samet et al. [13] gave the notion of ®-contraction in this way.
Definition 1.4. Let © : (0, c0) — (1, 00) be a function satisfying:

(©1) © is nondecreasing;
(©y) for each sequence {itn} C 1T, limn 00 O(tn) =1 & limp_y00(tn) =0;
(®3) 30<h<1andd € (0, 0] such that lim,_,g+ Q(LL})fl =9.

A self mapping O : W — W is called ©@-contraction if 3 O satisfying (0;)-(03) and k € (0,1) such that
k(01 0s) # 0 = B(k(0, 0s)) < [O(k(y, s))I*
forall ,s € W.

Theorem 1.5 ([13]). If O : W — ‘W be a ©-contraction on complete metric space (W, k), then 3* € W such that
= 0",

We represent by the Q, the family of all above mapping © satisfying the above assertions (B1)-(93) to
be consistent with Samet et al. [13].

In this paper, we define rational type («, ©)-contraction in the setting of complete CMS to obtain some
generalized results.

2. Main results

Definition 2.1. Let (W, k,) be a CMS. A function O : W — W is said to be a rational type (o, ©)-contraction
f3ax:WxW— R, ke (0,1) and © € Q such that

(L, 8)O(kp (01, 0s)) < O(M(y,s))k, (2.1)
where
M(t, s) = max {Kp (L's), kp(t, OL), kp(s, Os), Kp (;,_(22:%8;,)(95) } , (2.2)

Vi, s € Wwith kp (01, 0s) > 0.
From now onward, we consider (W, k) as complete controlled metric space.

Theorem 2.2. Let (W, k) is a complete CMS and O : W — W be a rational type (o, ©)-contraction such that:

(1) O is o-admissible;
(ii) 3 v € W such that «(y, Oyw) > 1;
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(iii) O is continuous;
Ptit1,tit2) P (Lis1,tm)
P (Listit) <L

(iv) sup lim;_,
m2>1

In addition, assume that, for every v € W, we have limn _, oo P(tn, t) and limn_, (4, tn ) exist and are finite. Then,
€ W such that * = O1*.

Proof. Suppose 1y € W is such that (19, O) > 1. We generate {1n} in W by 1,41 = O, V1 € N.
Obviously, if 3ng € N for which 41 = tn,, then Ot, = 1, and the proof is finished. Thus, we assume
that 1,41 # tn, Vn € IN. By using (i) and (ii), it is obvious that

tn, tnt1) 2 1,
vV n € IN. Thus by (2.1), we obtain
1 < O(kp(tn, tns1)) = O(kp(Otn_1,0tn)) < atltn, tnt1)O(Kp (Otn—1, Oty ).
Since O is a rational type (&, ®)-contraction, so Vn € IN, we can write

1< G(Kp(Lnr tnt1)) < oftn, Ln+1)®(Kp(OLnflz Otn))
< O(M(tn-1,tn))*

=0

Kp(tnfll Olnfl)Kp(Lnr Otn) «
ma {Kp(Ln—ll LTL)/ Kp(L'ﬂ,—ll OLn—l)/ K‘p(LTLI OLTL)/ 1+ Kp(tn_l, Ln)

k
Kp(Ln—lr LT‘L)Kp(LTL/ tnt1) })
1 + Kp (Lnflr Lﬂ)
k
max{Kp (tn—1, tn), Kp (tn—1, tn), Kp (tn, tng1), Kp (tn, tnt1)})

k
max{Kp (tn—1, tn), Kp (tn, tns1)})

ma {Kp (th—1,tn), Kp (th—1,tn), Kp(Ln/ tht1),

=0
<0
C)

(
(
Thus

1 < O(kp(tn, tnt1)) < © (Max{Kp (tn_1,tn), Kp(tn, tnr1) ). (2.3)

If there exists n € IN such that © (max{kp (tn—1, tn), Kp(Ln, LnH)})k = Kp(tn, tnt1), then (2.3) becomes
1< G(Kp(tn/ tht1)) <O (Kp(tn/ Ln+1))k < @(Kp(Lnl tnt1)),

which is a contradiction. Therefore © (max{kp(tn—1,tn), Kp(in, LnH)})k = Kp(tn—1,tn), for all n € IN.
Thus from (2.3), we get
1< O(kp(tn, tn+1)) < O (Kp(tn, tn 1))
2
<0 (Kp(tnflz Ln))k

3
<O (Kp(tn2,tn1))~

n

N

O (kp (10, u))®

Thus by (2.3), we have

1< O(kp (tn, tn1)) < © (kp(10,1))" . (2.4)
Taking n — oo in (2.4), we get

lim ®(Kp(Ln/ tnt1)) = 1.
n—oo
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By (©3), we get
lim kp(tn, tny1) =0.
n—oo

By (©3), 30 < h < 1 and ¥ € (0, oo] such that

O(kp(Otn, Otn41)) —1

=9

lim
n—oo Kp (tn) tngt)

Assume that ¥ < co. In this case, let A = % > 0. By definition, 3 n; € IN so that

O(kp(Otn, Otng1)) —
)h

1
—J <A, Vn>n,.

Kp (L) tngt

This implies that
G(K‘p(OLnr OLnJrl)) —1
)

29— A==-=A VYn>ny.

N| <

KP(LTI/ l'Tl.—)—l
Then
NKp (tn, tnt1)™ < UNO(kp (Otn, Otyi1)) — 1], Yn>my,

with p = L. Now we assume that 9 = co and A > 0. By definition, 3 n; € N so that

Q(KP(OLTU OLTL+1)) —1

A< T

, Vn>nj.
Kp (tn,tnst

This implies that
NKp (tn, tnt1)"™ < UNO(kp (Otn, Oty 1)) — 1], Yn>my,

where p = 1. Hence, in all situation, 3 p > 0 and n; € N so that

NKp (tn, Ln—l—l)h < Hn[G(Kp (Otn, Ot 1)) — 1] (2.5)

for all n > ny. Thus by (2.4) and (2.5), we get

n

kp (b, tny 1) < un([(O(kp (1o, u))<" = 1),

Taking n — oo, we obtain
lim nkp(in, tni1)t =0.
n—oo

Hence, 3 ny, € N so that

1
Kp (tn, tht1) < VDY vn > ny.

Consider the triangle inequality for q > 1, we have

Kp (tn, LnJrq) (tn, Ln+1)Kp (tn, tny1) +P(tnrt, ln+q ) Kp (tns1, LnJrq)

<p

< plin, LnJrl)Kp (tns tny1) +P(tnrt, ln+q JP(tns1, tns2) Kp (ths1, tnr2)
+P(tnt1, tntq)P(tn+2, tntq)Kp (tn+2, tn+q)

<P, tnr1)Kp (bt 1) + P (a1, tnr )Pt 1, tn2) Kp (bt 1, tns2)
+Ppltny1, ln+q P(tny2, ln+q p(tnt2, tnss) Kp (tnt2, tnys)

+Pp(tnt1, lntq P(tny2, ln+q Jp(tnts, ln+q ) Kp (tn+3, ln+q )

n+q-—2 i

<Pl tni)kp(tn i)+ Y [ T P, tnra) | Pl tisa)kp (1, i)
i=n+1 \j=n+1
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n+q—1

+ 1 »lti tnsq)kp(ingg—1, tnsq).
i=n+1

which further implies that

n+q-—2

Kp (tns tntq) < P(tn, tnr1)Kp (b, tng1) + Z H Py, tnaq) | P4, tig1)Kp (Li, Lig1)
i=nt1 \j=n+1

n+q—1
+< H P, Ln+q)> p(Ln+q—1/Ln+q)Kp(Ln+q—1/Ln—!—q)

i=n+1
n+q—1
=Pt tn)kp (s tns) + Y [ [T Py, tnra) | Pl tisa)kp (1, tiga)
i=n+1 \j=n+1
n+q-—1
<Pl tns)kp (s tns) + Y [ TP tntq) | POt tin)kp (14 i)
i=n4+1 \j
n+q-—1 i 1
<Pl i )kplin i)+ D [ ] p(y mra) | Pl i)
i=n+1 \j Lk
Thus
n+q-—1 i 1
Kp(tn,tniq) <Pl tnr)kp(tnstni) + Y [ [IP(y, i) | Pl tiga) T (2.6)
i=n+1 \j=0 1k
Now, consider
n+q-—1 i 1 +q— 1 i
> A TIrW re) | Plutis)— = Z = [ TTr(y tnra) | Pl i)
i=n+1 \j=0 nk i=n+1 ** \j=0
0 1 i
< Z I Hp(tjrln+q) LL/L1+1 Z Ui Vi,
i=n+1 ' \j=0 i=n+1
where .
Ui:j
1k
and
i
[Tr(5 tnrq) | Pl tiga):
j=0
[ee) i
Since % >0, ) i% converges and also V; = H P4, tnrq) | P(4, Li41) is increasing and bounded
i=n411 j=0

i
above. Thus lim;_, {Vi} = sup(V;), exists and is non zero. Hence, the product (]_[ P, thiq )) Ly, tig1)
i=0

o0
converges. Thus Y  U;V; converges. Let us consider the partial sum
i=n+1

q i
:Z Hp(Lj,LnJrq) (L1/L1+1)

i=0 \j=0

-
r\~‘ —_
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Now from (2.6), we have

Kp (tn, tntq) < Pltn, 1) Kp (tn, tng1) + (Sn+q—1 —Sn). (2.7)

By ratio test and using the condition (2.2), we get guaranty of existence of limy,_, Sn. Hence {Sy,} is
Cauchy. Now taking n — +oo in (2.7), we have

Tllg)réo KP(LTI/ LTL+C]) = 0/

that is, {t,} is a Cauchy sequence in (W, kp), so {tn} converges to some u € W. Now we prove that
u = Ou. Since t, = u as n — oo and the mapping O is continuous, so we have O, = Ou as n — oo.
Thus we have

Kp (u, Ou) = nlgrgo Kp (tng1, OU) nlgréo Kp (Otn, Ou) =0,

and hence u = Ou. O

Theorem 2.3. Let (W, k¢) be a complete Eb-MS and O : W — W. Assume that 3k € (0,1) and © € Q such that
O(kp (0, 0s)) <OM(y,5))*,
where

Kp (1, OUKyp (s, Os)
14 kp(L,s)

M(y, s) = maX{Kp(L,S),Kp(L,OL), Kp(s,Os), }, Vi,s € W

with xp (01, Os) > 0. Suppose that these assertions also hold

(1) O is continuous;

(ii) sup hmi—)oo pu#l;tz}fjsﬂltm) < 1.
m2>1

In addition, assume that, for every v € W, we have limn oo P(tn, t) and limn_, o p(t, tn ) exist and are finite. Then,
€ W such that * = O1*.

Corollary 2.4. Let (W, k) be a complete Eb-MS and O : W — W be a rational type (x, ®)-contraction such that:

(i) O is a-admissible;
(ii) 3 v € W such that oy, Ow) > 1;
(iii) O is continuous;

Ptirr,ti2)P (Lig1,tm) <1.

(iv) sup lim;i_, o S lhating)

m2>1

In addition, assume that, for every v € W, we have limn _, o p(tn, t) and limn _, (4, tn ) exist and are finite. Then,
A € W such that * = Or*.

Proof. If we take p(1,z) = p(z, s) in above Theorem 2.2, we get the conclusion. O

Corollary 2.5. Let (W, ky) be a complete b- MS and O : W — W be a rational type («, ©)-contraction such that:

(1) O is o-admissible;
(ii) 3 v € W such that «(y, Ow) > 1;
(iii) O is continuous.

Then, 3u € W such that Ou = u.
Proof. 1f we take p(t,z) =p(z,s) =b > 1 in above Theorem 2.2. O

Corollary 2.6. Let (W, k) be a complete metric space and O : W — W be a rational type (x, ®)-contraction such
that:
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(i) O is a-admissible;
(ii) 3 v € W such that «(y, Oyw) > 1;
(iii) O is continuous.

Then, 3u € W such that Ou = u.
Proof. 1f we take p(t,z) =p(z,s) =1 in above Theorem 2.2. O
Example 2.7. Let W ={0,1,2}. Definep : Wx W — [1,00) and kp : Wx W — [1,00) as p(1,s) = 1+ s and

Kp (2/2) = KP(OIO) = K‘P(lrl) = 0/
kp(2,0) = kp(0,2) =5,k (1,0) = kp(0,1) = 10,
Kp(1,2) = kp(2,1) = 30.

Now, define
O:W—-W
by
[0, ifutef0,2},
O‘_{ 2, ifi=1,

and choose k = %. Define ©(B) = eVP. Now we discuss various cases to prove the assumptions of our
main result.

Case 01: If t = 0,s = 1, we have

Lot

O(kp(00,01)) = B(kp(0,2)) = eV < (eV10)

— [@ (max {Kp(o,n, kp(0,00), kp(1,01), Kp((l)/fi) I?B(i,)on })} g
p 4

Case 02: If t = 0,s = 2, we have
O(kp(00,02)) = B(ky(0,0)) = €

< [@ (max {Kp (0,2), kp(0,00), kp(2,02), Kp ((1)/_??() '?6%,)02) })} 4 )
p 7

Case 03: If t =1,s = 2, we have
O(xp(01,02)) = BO(kp(2,0))

. 1,01)kp (2,02 i
— V5 < (eV)i < [@ <max{Kp(1,2), Kkp(1,01),kp(2,02), Kp(1+ KlK(q,(Z) )}>} '

Case04: If t=s=0,L=s=1,L=s =2, we have
O(kp (01, 0s)) = O(kp (0,0))

3
Kp (L, OUKp (s, Os) 1
=¥ < [@ (maX{Kp(L,S),Kp(L,OL), Kp(s,Os), P 1+Kp1(pt,3) })] , Vs, LeW.

Hence, all the conditions of above theorem are satisfied and O has a unique fixed point, which is, 1 = 0.
We can establish variety of results as special cases of our main Theorem 2.2.
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