Available online at www.isr-publications.com/jnsa
J. Nonlinear Sci. Appl., 13 (2020), 176-179

Research Article

ISSN: 2008-1898

s Eu:iem:es

Y,
.

yournaj
%
o
; X
<
s 0%
Uopyed\\

of,

Journal of Nonlinear Sciences and Applications

Journal Homepage: www.isr-publications.com/jnsa

On the solution of Wave-Schrodinger equation (@) Gheck for updates

Wanchak Satsanit
Department of Mathematics, Faculty of Science, Maejo University, Chiang Mai 50290, Thailand.

Abstract

In this paper, we are finding a solution of the fractional Wave-Schrodinger equation by Laplace transform in the sense of
Caputo fractional derivative. It was found that the fundamental solution of the equation is related to Wright function.
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1. Introduction
The Laplacian operator A¥ iterated k-times is defined by
2 2 22 \*
A= — 4+ — . +— ),
<ax% * 0x3 o ale>

where n is the dimension of space R™ and k is a non-negative integer. Kananthai [1] has proved that the
generalized function (—1)%Sy(x) is an elementary solution of the operator A¥, that is

AR(=1)*So(x) =,

where ¢ is the Dirac-delta distribution and Syi(x) is defined by
2272k (2R (32 xS 4 X2 )Zkgn
Sox(x) =
I (k)

(1.1)

In 2002, Kananthai et al. [2] have first introduced the operator A¥ and is defined by
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Af = Z . > oa =Vl
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They have proved the function (—1)k(—i)%82k(x) is an elementary solution of the operator A]f and Soy (x)
is defined by (1.1). It is well known that the linear Schrodinger equation can be written as the following

form
2

u(x, t),i=v—-1

E u(x,t) =1=—
ot 6x2

with the initial condition

u(x,0) = f(x).

The Schrodinger equation has been widely in application in science and engineering, there are several
integral transforms such as Laplace transform, Fourier transform, Wavelet transform, etc., for solving the
equation.

The purpose of this work is to introduce a new function where related the Wright function [3, 4] and
studied Laplace transform of a new function. After that, we are solving the fundamental solution of the
Wave-Schrodinger equation as follows:

0% 02
atad)(xt)—i—l—d)(xt )=0,i=v—-1,1<a<2,

with the initial condition
d)(xr O) =0 7 (I)t(xro) - S(X)/

where & is the Dirac-delta distribution and aa? is the Caputo derivative. Before going that point, the

following definitions and some important concepts are needed.
2. Preliminaries

Definition 2.1. Let f(t) be a function an exponential order and piecewise continuous. The Laplace trans-
form of the function f is given by

L[f(t)] = J:O e Stf(t)dt. (2.1)

Definition 2.2. Let f(t) be a function of the Schwart space, the Fourier transform of f(t) is given by

flw) = J}Rf(t)e”"tdt.

Definition 2.3. For m to be the smallest integer that exceeds «, the Caputo fractional derivatives of order
o is defined by

Do t) = e t) { rina Jo(t =™ i ulx ),

at“ Wu(x t) n=m.

Definition 2.4. The Laplace transform of the Caputo fractional derivative is defined by
L[D*f(t)] Zso‘ 1 0), n—1< a < .

Definition 2.5. The Wright function W, g is defined by

o0 Zn
1% = _, -1, C, 2.2
o TLZOn!F(noH— B) x> b e 22)

where I'(x) is the Euler Gamma function given by the integral

I(x) = J t*le 0qt.
0
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Lemma 2.6. The function y(a,t) is defined by the following expressions
Yiat) =t Wy 5 oat™)
and Laplace transform of y(a, t) is given by

Lly(a,t)] = s*2e%s”,

Proof. By (2.1), we have

Lly(a,t)] = J eisttia+1w—cx , 2 o(at™*)dt
0
e e] t— (X k

_ —sty—octl (a dt

JO ¢ Z k!T( ock+2 o)

o k )

a —sty—a—ak+1

= t dt

kZ_O KM (—ok +2 — «) L ¢
— i ak L[t—cx—cxk+1]

IT(— _

= kIT(—ak +2 — )
_ i ak IM—o— ok +2)
N = KIT(—ok +2 — o) s~ x—ok+2
B > e (as%)k a2 as®

Zkls oc—ock+2 =s* Z k! ="

k=0
That completes the proof. O

3. Main results

Theorem 3.1. Consider the Fractional Wave-Schrodinger equation

X

aZ
atiad)(x,t)—i-l@d)(x.,t):o, i:\/—]., 1<(X<2 (31)

with the initial condition

d)(xlo) =0, d)t(X,O) = 6(X)/

where d(x) is the dirac delta distribution. By the Laplace and Fourier transform we obtain that the fundamental
solution of the equation (3.1) is given by

where Wy g is the Wright function is defined by (2.2). If we put « = 2 in (3.1) the fractional Wave-Schrodinger
equation reduces to

2 2

0 0

and the solution of (3.2) is given by

) = VW1 (it
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Proof. By (3.1), we have

4 2

.0
SRl + i 5001 =0, (3:3)

Taking Laplace transform on both sides of (3.3) and and using definition 2.1 we get

o aZ
L[at“q)(x t)} +w[a S0, t)} 0,
2
s*P(x,s) —s*¥25(x) = —i%d)(x,s). (3.4)

Applying Fourier transform respect to variable x on both sides of (3.4), we obtain

2
S*Fb(x,s) — s*2F[5(x)] = —i&"%d)(x, s),
Sad)((l),S) - Soc_z = iwzcl)(w, S)r (35)
x—2 fax—2
blw,s) = ————> = =

s+ (—Hw?  is*+w?’

Applying inverse Fourier transform on both sides of (3.5), we obtain

(o4
fex—2 Foo—2,—|x|Vis2
is ] _ Vis® % L 52 nVisE
is% + w? 2%

dlxs) =71

By Lemma 2.6, we obtain the solution of (3.1) as follows

d(x,t) = fo (—Vilx|, t) \/ t W gy o (—VilkIt ). (3.6)
If we put « =2 in (3.1) and (3.6), respectively, the equation reduces to the Wave-Schrodinger equation
02 . 02
tzd)(x t)+ L 5 ¢(x,t) =0, (3.7)

and the solution of (3.7) is given by
1
t) = Eﬁw,m(—ﬁmt—l).

This completes the proof. 0
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