Available online at www.isr-publications.com/jnsa
J. Nonlinear Sci. Appl., 13 (2020), 223-238

Research Article

ISSN: 2008-1898

oot Scienceg

f,
4/%
&

Journal o,
%
&
€)
suopeond®

Journal of Nonlinear Sciences and Applications

R,[BLICATIONS

Journal Homepage: www.isr-publications.com/jnsa

A new two parameter Burr XII distribution: properties, cop- | check for updates
ula, different estimation methods, and modeling acute bone
cancer data

M. M. Mansour?, Haitham M. Yousof®*, Wahid A. M. Shehata®, Mohamed Ibrahim?

4Department of MIS, Yanbu, Taibah University, Saudi Arabia.

bpepartment of Statistics, Mathematics and Insurance, Benha University, Benha, Egypt.

®Department of Mathematics, Statistics and Insurance, Faculty of Business, Ain Shams University, Egypt.
dDepartment of Applied Statistics and Insurance, Faculty of Commerce, Damietta University, Damietta, Egypt.

Abstract

We present a new two parameter Burr XII distribution. The new density can be right skewed with no peak, unimodal-right
skewed, left skewed and symmetric. The new failure rate can be decreasing, unimodal and increasing. Properties related to the
new model are derived. Simple type copula-based construction is presented for deriving some new bivariate and multivariate
type distributions. The maximum likelihood estimation, Anderson Darling estimation, right tail Anderson Darling estimation
and left tail Anderson Darling estimation methods are used to estimate the model parameters. A new data set is analyzed for
comparing estimations methods and the competitive models.
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1. Introduction, construction, and motivation

A random variable (rv) T is said to have the Burr XII (BXII) distribution if its cumulative distribution
function (CDF) and probability density function (PDF) are given by

Glaj,an)(t) =1—(1+t%)7%,

and

Ilapa)(t) = arapt®@ =1 (14 t9) "2, (1.1)
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both a; and a, are shape parameters, the location and scale parameters can easily be introduced to make
G(ay,a,)(x) a four parameter distribution. The Burr XII distribution (BXII) originally proposed by Burr
[6], it has many applications in different areas. Coming early, Tadikamalla [23] studied the BXII model
and its related models. Some importand extensions of the BXII model can be cited by Zimmer et al. [27],
Cordeiro et al. [10], Afify at al. [2], Altun et al. [4, 5]), Yousof et al. [25] and Yousof et al. [26] (for
more details about the BXII see Burr [6-8], Burr and Cislak [9], Hatke [14], and Rodriguez [22]). In this
work, we propose a new BXII, called the Burr-Hatke Logarithmic BXII distribution (BH-BXII) by using
the Burr-Hatke Logarithmic G family firstly introduced by Yousof et al. [25]. Following Yousof et al. [25],
the CDF of the BH-BXII model is defined by

B 1—[1—(1+x%)"%]
1—log {1—[1—(1+x)" %]}’

Flay,az) (x)=1 (1.2)

the corresponding PDF to (1.2) is given by

Cap1 [T—log {1—[1—(1+4x9) "]} +1
(1—log {1—[1—(1+xa)" %]}

The reliability function (RF) and hazard rate function (HRF) of new BH-G family are given by

Flayan) 09) = a1aax@ 1 (14x%)

B 1—[1—(1+x%)"%]
S 1-log{1—[1—(1+xm) %]}’

Ra;,ay) (%)

and

N(aay) (%) = arapx® 1 (1+ xar)—az—l [(1—log{1—[1—(1+x")""]})+1]
x {1— 1= (14+x9) %]} (1—log {1— [1— (14+x%)%]}) 7.
Let ¢ = inf{x[F 4, 4,)(x) > 0} the asymptotics of CDF, PDF, and HRF as x — a; are given by

Fla,a(x) ~1—(1 X))y S ¢,
flayap) (X) ~ @102t (1444) " x > ¢,

and
h(ay,ay) (x) ~ (11(12tal*1 (1+ tal)faz—l = c.

The asymptotics of CDF, PDF, and HRF as x — oo are given by

1— [1—(1 —Q—xa1)7a2:|
log{l — [1 —(1 +Xa1)*az} }/
—ar—1 « 1+ log{l —1— (1 _i_xal)*az}

—log{1—[1—(14x) %]}
1

1—Fayap) (X)x =00 ~—

4

flay,ap) (X)X = 00 ~agazx® ! (1+x%)

Ray,ap) () = 00 ~ agagx® 1 (14x*) 27 {1 — [1— (1+4x*)" %]}
1+ log{1—[1—(1+x%)" %]}
Sog {1-[1— (1~ =]}
The effect of the parameters on tails of distribution can be evaluated by means of above equations. Figure
1 gives some plots of the BH-BXII PDF for some parameter values. Plots of the BH-BXII HRF for selected

parameter values are given in Figure 2. The HRF can be decreasing (a; = 1,a; = 1), unimodal (a; =
1.1, a2 = 0.1) and increasing (a; = 1.25,a; =3 and a; =5, a; =5).
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Figure 1: Plots of the BH-BXII PDF.
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Figure 2: Plots of the BH-BXII HRF.
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2. Properties

2.1. moments

Following Yousof et al. [27], equation (1.2) can be rewritten as

o
f((llfaz) (X) = Z 1()q g(ll,(lz(l—O—q) (X)/
q=0

where
Gayar(1+q)(X) = araz (14q)x® (1 4x) @l

is the BXII density with parameters a; and a, (1 + q) and

s —1)4 +1)—1
Bq—ZdK+1(1+ll (K+1)<(K q) >,

k=0

where d, 1 is defined by Yousof et al. [27] in details. Equation (5) reveals that the BH-BXII PDF is a linear
combination of the BXII density with parameters a; and a, (1 + q). Thus, some structural properties of the
new model such as the ordinary and incomplete moments and generating function can be immediately
obtained from well-established properties of the BXII model with parameters a; and a> (1 + q).

The n ordinary moment of X is given by

(o0}
=X = | X" Fay 0 ()

—00

Then, we obtain

Wy =Y dqa2(1+q) az (az(1+q)—:1,:1+1>, Vin<aa(1+q). 2.1)
q=0

Setting n =1,2,3, and 4 in (2.1), we have

E(X):p.i:ZBqaz(l—l—q) a <a2(1+q)—1,1+1>, V[1<aa(1+q),

q=0 ar ap
E(X2)=u/=i3 6(1+q afaltq- 2= 2+1),¥R2<aal+q)
2 q=0 ! a’a / '
E(X3)=u§=i8qaz(1+q) ‘12<02(1+q)—3,3+1>,V[3<a1a2(1+q)],
q=0 ar aq
and
E (X*) =y :iﬁ a(1+q) B <l2(1+01)—i i+1 V [4<aa(1+q).
4 pr q C11'611 ’

The last results can be computed numerically. The skewness and kurtosis measures can be calculated
from the ordinary moments using well-known relationships.



M. M. Mansour, et al., . Nonlinear Sci. Appl., 13 (2020), 223-238 227

2.2. Incomplete moments

The n'h incomplete moment of X is defined by

Then, we can write

=2 taelira)p <ta1;a2 M+ - oo “) ¥ < aia(1+q), (2.2)
1 Q1
q=0
where )
R
0
and

a

3
Blas; a1, a2) = J ta (1) (atelgy,

0
are the beta and the incomplete beta functions of the second type, respectively. Setting n = 1 in (2.2), we
have

> 1 1
I(t) :ZSq a(l1+q) B <ta1;a2(1+q)—,+1>v 1< ajax(14+49)],
q=0 ap ap

which is the the first incomplete moment. There are two important applications of the I;(t) related to
the mean deviations about the mean, M, and median, M,, and to the Bonferroni and Lorenz curves.
The mean deviations about the mean [M; = E(|X — p])] and about the median [M, = E ([X— M]|)] of
X are given by M; = ZullF(u’l) —2I1(y}) and My = pf —2I;(M), respectively, where pj = E(X), M =
Q(u) = F(u) is the median of X, F(u) is easily calculated from (1.1) and I;(t) is the first incomplete
moment. The Lorenz and Bonferroni curves are important in several applied areas such as economics,
reliability, demography, insurance and medicine. For a given probability 7t > 0, they are defined by
Lo(7t) = my(q)/E (X) and Bo(7) = Lo(7t) /7, respectively, where q = Q(7) = Q(7r) comes directly from the
QF of X.

2.3. Moment generating function

The moment generating function (MGF) of X, say Mx (t) = Elexp (tX)]. Paranaif ba et al. [17]
provided a simple representation for the MGF of the BXII model. In a similar manner, we provide
another representation for the MGEF, say Mx (t), of the BXII(a;, a;) model. For t < 0, we can write

M(t) = alaZJ exp (yt) y@ ! (1 +y4) " dy.
0

Next, we require the Meijer G-function defined by

x~tdt,

Gpa' <x| (@), () ) 1 J Hiﬂllr<(a2)i+t> H}lﬂ(l—(al)j—t)

(@), (a2)q )~ 2mi LH}D:nﬂr((al)].+t)1—[§9:m+1r<1_(a2)j_t)

where i = v/—1 is the complex unit and L denotes an integration path (Gradshteyn and Ryzhik [13]).
The Meijer G-function contains as particular cases many integrals with elementary and special functions
(Prudnikov et al., [19]), where m and a; are positive integers. This condition is not restrictive since every
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positive real number can be approximated by a rational number. We have the following result, which
holds for m and k positive integers, 1 > —1 and p > 0 (Prudnikov et al., [20])

0 u
I (p, L, $,u> 1> = Jo exp (—px) x* (1 + xm/a2> dx

’ — A(m/_u)/A(a ,'LL-|—1)
= 6Gg§ﬁn+$ ((mmp m) | A (az,O)z ,

where
—1

5= (g mt ) [2m) ™ peir ()]
and
At )=/t (C+1)/T,...,(C+T) /T
We can write (for t < 0)

M (t) = mlI (—t,m —1,m,—a2—1> .
az az

Hence, the MGF of X can be expressed as

> m m ~
Mx (t) :quosq {1 (—t,—1+ i a2(1+q),—[az(1+q)+1]>] 2.

2.4. Moment of residual life and reversed residual life
The nt* moment of the residual life, denoted by

ma(t) =E[(X—t)" | X>t, n=1,2,...,

uniquely determines F(,, 4,)(x) (see Navarro et al., 1998). The n" moment of the residual life of X is
given by

mn(t) _ J:O(X_t)nd]:(al,az)(x) ‘

1_F(01,az)(t)
Then, we can write
1 D& (D) ialgnt
melY = T L - ———9q az (1+q)
b 1—F(ay,ay) () iZ_O;) irn—i4+1) 1 2 q
a n n
xB(tMa(l+q) = —+1), VIn<aa(I+q).
a; ap

Another interesting function is the mean residual life (MRL) function or the life expectation at age x
defined by m;(x) = E[(X—x) | X > x|, which represents the expected additional life length for a unit
which is alive at age x. The MRL of the BH-BXII distribution can be obtained by setting n =1 in the last
equation. The nt" moment of the reversed residual life, say Mn(t) = E[(t—X)™ | X <t] fort > 0 and
n =1,2,... uniquely determines F(x). Then, My (t) is defined by

_ J'(g(t _X)ndF(aLaz) (x)

M, (t
~( Flay,ap) (1)

The nt" moment of the reversed residual life of X is
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X B(tal;a2(1+q)—;,;+1>, Vin<aa(l+q).

The mean inactivity time (MIT) or mean waiting time (MWT), also called the mean reversed residual life
function, say My (t) = E[(t — X) | X < t], represents the waiting time elapsed since the failure of an item
on condition that this failure had occurred in (0, x). The MIT of X can be obtained by setting n =1 in the
above equation.

3. Simple type copula based construction

In this Section, we consider several approaches to construct the bivariate and the multivariate BH-
BXII type distributions via copula or with straightforward bivariate CDFs form, in which we only need
to consider two different BH-BXII CDFs.

3.1. Via Morgenstern family

First, we start with CDF for Morgenstern family of two random variables (X;,X;) which has the
following form

Fa(x1,x2)l(a1<1) = Fr(xa)Fa () {1 + A [1 = Fy (x1)] [1 — F2(x2)]},

setting
1= [1— (14x) ]

1 —log{l — [1 —(1 —i—xfl)*az} }’

1— [1—(1+x§’1>_b2] |
1—10g{1— [1—(1+x‘;1) ZH

then we have a five dimension parameter model as

11— (1 xp) 7 )

1-log {1 [1- (1+x") |}

F(al,az) (Xl) =1-

and

F(b]/bZ) (x2) =1—

Fa (X1,Xz)|(|>\|<1) = (1 o

1+
e [ ]
=i (o) ] “(1—log{1—{1—(1+xfl)“2]}>

1_1og{1‘[1‘(1+x§’1)b2]} _X( e )

1710g{17{17(1+x§1) bz]}

1—

3.2. Via clayton copula

3.2.1. The bivariate extension

The bivariate extension via clayton copula can be considered as a weighted version of the clayton
copula, which is of the form

1
Clw,v) = w—(81+82) 4= (814+82) 9| f1F%2



M. M. Mansour, et al., . Nonlinear Sci. Appl., 13 (2020), 223-238 230

This is indeed a valid copula. Next, let us assume that X ~BH-BXII(a;, az) and Y ~BH-BXII((by, b2). Then,
setting
1—[1— (1+x%) ]
1—log{1—[1—(1+xa)" %]}’

u=1

and
1— [1 _ (1+yb1)*b1

1—log {1 - [1 Q1 +yb1rbz] }
the associated CDF bivariate BH-BXII type distribution will be

v=1-—

1
o 1-[1-(14x1) 2] 8148
1—log{1—[1—(1+x91)~ 2]}

Hesu) = [ (1r)
+ <1 N 1—10g{1—[1—(1+yb1)b2]}>
-1

Note: Depending on the specific baseline CDF, one may construct various bivariate BH-BXII type model
in which (67 4+ 6,) > 0.

3.2.2. The Multivariate extension

A straightforward d-dimensional extension IRom the above will be

d 1— [1 —(1 +x91)_ai} ~(81482)
H(x1,%2,...,Xq) = Z(l t }}) t1-4d

i=1 - 1 —log{l — [1_ (1 —I—x?i)fa“

—1/(81+52)

Further future works could be be allocated for studying the bivariate and the multivariate extensions of
the BH-BXII model.

4. Estimation

Consider the following classical estimation methods:

1. Maximum likelihood estimation (MLE).

2. Anderson Darling estimation (ADE).

3. Right Tail-Anderson Darling estimation (R.T. ADE).
4. Left Tail-Anderson Darling estimation (L.T. ADE).

4.1. The maximum likelihood method

Several approaches for parameter estimation were proposed in the literature but the maximum like-
lihood method is the most commonly employed. The maximum likelihood estimators (MLEs) enjoy
desirable properties and can be used for constructing confidence intervals and regions and also in test
statistics. The normal approximation for these estimators in large samples can be easily handled either
analytically or numerically. So, we consider the estimation of the unknown parameters of this model from
complete samples only by maximum likelihood. Let x, ..., x, be a random sample from the BH-BXII dis-
tribution with parameters a; and a;. Let ¥ =(ay, a2)T be the 2 x 1 parameter vector. For determining the
MLE of ¥, we have the log-likelihood function

{(¥) =nloga; +nlogax+ (a; —1) Z logxi — (a2 +1) Z log (1 +xial)
i=1 i=1
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~23 tog (1-tog {1- [1— (108 ]}

i=1

_1-2 log{[l—log{l— [1—(1"”‘{11)%12”] +1}'

dL(W)

The components of the score vector, U (V) = 55— = (ae(W) QL(Y)

60.1 4 aa2
the nonlinear system of equations Uy, = Uy, = 0 and solving them simultaneously yields the MLE
Y = (a7, a2)T. To solve these equations, it is usually more convenient to use nonlinear optimization

methods such as the quasi-Newton algorithm to numerically maximize {. For interval estimation of

2
the parameters, we obtain the 2 x 2 observed information matrix J(¥) = {aaé(aq;)} (for q,s = aj, a2),

whose elements can be computed numerically. Under standard regularity conditions when n — oo, the
distribution of ¥ can be approximated by a multivariate normal N(0, J(¥)~!) distribution to construct
approximate confidence intervals for the parameters. Here, J(¥) is the total observed information matrix
evaluated at V. The method of the re-sampling bootstrap can be used for correcting the biases of the MLEs
of the model parameters. Good interval estimates may also be obtained using the bootstrap percentile

method.

>Tare available if needed. Setting

4.2. The ADE

The ADE of ajapg) and @y spg) are obtained by minimizing the function

P (rexit) )
171og{1* [17 <1+X§?n]) _az} }
1— |:17 <1+X[a,11+1+n1"])7a2}

a —az
1710g{17 {17(1“[}1“%“]) } }

The parameter estimates of ajapg) and @ apg) follow by solving the nonlinear equations

log [ 1—

n
ADE(a;,a0) =-—n—n"') (2i—1)

i=1

+log

0 0
— [ADE(aj,a3)] =0 and —[ADE(aj,a3)] =0.
aa1 a(lz

4.3. The R.T. ADE

The R.T. ADE of aj(r1 apg) and a2 (g ApE) are obtained by minimizing

1- () ]
n 1—[1—(1+x® )

1 [imn]
R.T. ADE (q;, a3) :En—zz 1—

=1 1—10g{1— [1— (1+xg{n])a2]}

- 1_[1_ 1+Xaii nmn _az]
_12(21—1) log ( T ])

—a
nia 1—log {1 — [l — (1 + X[aiHHn:n}) 2} }

The parameter estimates of aj (gt apg) and a2 r 1. apg) follow by solving the nonlinear equations

0
o [R.T. ADE (a1, a3)] =0 and —— [R.T. ADE(aj, a;)] =0.
aa1 a(lz
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4.4. The L.T. ADE
The L.T. ADE of aj (.1 apg) and ay (L1 apg) are obtained by minimizing

a0
;5 1—[1—(1+x§{n]) ]
L.T.ADE(al,az):—En—i-ZZ 1— o
i1 1—1og{1—[1—(1+xg{n]) ]}
e
n {1—[1—(1+x§§n]) ]}

—12(21—1)1og 1—

= 1—10g{1— [1—(1+xﬁlm])_a2]}

The parameter estimates of aj (L1 apg) and a1 apg) follow by solving the nonlinear equations

o2 [L.T. ADE (aj,a;)] =0 and o [L.T. ADE (a1, a;)] =0.
oaq da

5. Comparing methods

5.1. Using simulated data for survival times

For comparing classical methods, an application to real data set is introduced. We consider the
Cramér-Von Mises (CVM*) and Anderson Darling statistics. In this section, we will introduce and analyze
a new medical data set. This simulated data set gives the survival times (in days) of 73 patients suffering
from acute bone cancer. The data set are: 0.09, 0.76, 1.81, 1.10, 3.72, 0.72, 2.49, 1.00, 0.53, 0.66, 31.61, 0.60,
0.20, 1.61, 1.88, 0.70, 1.36, 0.43, 3.16, 1.57, 4.93, 11.07, 1.63, 1.39, 4.54, 3.12, 86.01, 1.92, 0.92, 4.04, 1.16, 2.26,
0.20, 0.94, 1.82, 3.99, 1.46, 2.75, 1.38, 2.76, 1.86, 2.68, 1.76, 0.67, 1.29, 1.56, 2.83, 0.71, 1.48, 2.41, 0.66, 0.65,
2.36, 1.29, 13.75, 0.67, 3.70, 0.76, 3.63, 0.68, 2.65, 0.95, 2.30, 2.57, 0.61, 3.93, 1.56, 1.29, 9.94, 1.67, 1.42, 4.18,
1.37. From Table 1, the MLE method is the best method with a; =2.579, a, =0.293, CVM*=0.10446, and
AD*=0.66184, however all other methods performed well.

Table 1: Comparing methods via a real data.
Method a; a CVM* AD*
MLE 2.579 | 0.293 | 0.10446 | 0.66184
ADE 2.773 | 0.267 | 0.11406 | 0.70675
RLADE | 3.242 | 0.239 | 0.13847 | 0.82244
LEADE | 2.595 | 0.266 | 0.10677 | 0.67468

5.2. Using a simulation experiments

A numerical simulation is performed in to compare the classical estimation methods. The simulation
study is based on N=1000 generated data sets from the BH-BXII version where n = 50, 100,300,500 and
1000 and

aq ar
I 08 05
I 12 30
IIm 09 09

The estimates are compared in terms of their

2. root mean-standard error (RMSE( SQ)) ;
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3. the mean of the absolute difference between the theoretical and the estimates [D )] and

4. the maximum absolute difference between the true parameters and estimates [D (max)] ,

where
1
BIAS ) = B
RMSE 4,y = {
D(abs) - n
and
D(max)

1

B
BZZ“: (ay,a2) XU

> (@

i=1

i=1j=

1

From Tables 2, 3, and 4 we note that:

—Fa,a) (ty)]

B
1
= g 2 max[Fra 0 (xi1) = Fa ) (i)

1. The BIAS( ) tend to zero when n increases which means that all estimators are non-biased.

2. The RMSE ) tend to zero when n increases which means incidence of consistency property.

Table 2: Simulation results for parameters a = 0.8 and b = 0.5.

n | BIAS(o, | BIAS o, | RMSE o | RMSE o) | D(as) | Dmax)
MLE 50 | 0.00869 | 0.00677 | 0.10446 | 0.08247 | 0.00345 | 0.00648
ADE -0.02202 | 0.00975 | 0.10408 | 0.08842 | 0.00466 | 0.00943
R.T. ADE -0.00447 | 0.00089 | 0.14462 | 0.08343 | 0.00097 | 0.00149
L.T. ADE 0.00222 | 0.01421 | 013121 | 0.09799 | 0.00652 | 0.00982
MLE 100 | 0.00867 | 0.00537 | 0.07140 | 0.05714 | 0.00292 | 0.00561
ADE -0.01117 | 0.00276 | 0.07345 | 0.06048 | 0.00198 | 0.00393
R.T. ADE -0.00206 | 0.00210 | 0.10327 | 0.05842 | 0.00077 | 0.00145
L.T. ADE 0.00122 | 0.00464 | 0.09014 | 0.06664 | 0.00215 | 0.00334
MLE 300 | 0.00184 | 0.00183 | 0.04089 | 0.03219 | 0.00089 | 0.00164
ADE -0.00358 | -0.00062 | 0.04223 | 0.03415 | 0.00075 | 0.00136
R.T. ADE 0.00164 | -0.00040 | 0.05525 | 0.03265 | 0.00044 | 0.00081
L.T. ADE -0.00019 | 0.00284 | 0.05539 | 0.04037 | 0.00131 | 0.00188
MLE 500 | 0.00231 | 0.00015 | 0.03128 | 0.02426 | 0.00044 | 0.00073
ADE -0.00123 | 0.00050 | 0.03422 | 0.02699 | 0.00025 | 0.00051
R.T. ADE -0.00119 | 0.00025 | 0.04513 | 0.02565 | 0.00033 | 0.00060
L.T. ADE 0.00310 | -0.00068 | 0.04062 | 0.02970 | 0.00054 | 0.00105
MLE 1000 | 0.00032 | -0.00007 | 0.02241 | 0.01750 | 0.00006 | 0.00011
ADE -0.00089 | -0.00032 | 0.02294 | 0.01821 | 0.00023 | 0.00044
R.T. ADE 0.00024 | -0.00021 | 0.03053 | 0.01748 | 0.00025 | 0.00045
L.T. ADE -0.00008 | 0.00032 | 0.02888 | 0.02119 | 0.00015 | 0.00021
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Table 3: Simulation results for parameters a = 1.2 and b = 3.

n BIAS(al) BIAS(QZ) RMSE(QI) RMSE(QZ) D(abs) D(max)
MLE 50 0.00814 | 0.05020 0.10417 0.48466 0.00151 | 0.00308
ADE 0.00502 | 0.03497 0.10713 0.52174 0.00113 | 0.00228
R.T. ADE 0.00762 | 0.05372 0.12455 0.50770 0.00328 | 0.00504
L.T. ADE -0.00146 | 0.10562 0.10328 0.63565 0.00849 | 0.01231
MLE 100 | 0.00059 | 0.03888 0.07190 0.34207 0.00276 | 0.00409
ADE 0.00174 | 0.02493 0.07999 0.38018 0.00131 | 0.00213
R.T. ADE 0.00277 | 0.00487 0.08798 0.34528 0.00226 | 0.00372
L.T. ADE -0.00144 | 0.06088 0.07647 0.44045 0.00513 | 0.00741
MLE 300 | 0.00316 | 0.00560 0.04108 0.19746 | 0.001044 | 0.00168
ADE 0.00139 | 0.00719 0.04380 0.20371 0.00072 | 0.00103
R.T. ADE 0.00232 | -0.00048 0.05178 0.199801 | 0.00099 | 0.00156
L.T. ADE 0.00065 0.01777 0.04233 0.24145 0.00151 | 0.00218
MLE 500 | 0.00063 | 0.00496 0.03172 0.14853 0.00018 | 0.00034
ADE -0.00049 | 0.00431 0.03431 0.15807 0.00022 | 0.00040
R.T. ADE 0.00057 | 0.00521 0.03906 0.15226 0.00025 | 0.00042
L.T. ADE -0.00043 | 0.00850 0.03226 0.18024 0.00061 | 0.00090
MLE 1000 | 0.00025 | 0.00259 0.02323 0.10757 0.00011 | 0.00020
ADE 0.00046 | 0.00096 0.02511 0.11771 0.00009 | 0.00017
R.T. ADE 0.00046 | 0.00119 0.02887 0.11174 0.00012 | 0.00021
L.T. ADE 0.00012 0.00172 0.02356 0.13132 0.00012 | 0.00021
Table 4: Simulation results for parameters a = 0.9 and b = 0.9.
n BIAS(al) BIAS(QZ) RMSE(al) RMSE(QZ] D(abs) D(max)
MLE 50 0.01096 0.01219 0.11062 0.14844 | 0.00260 | 0.00515
ADE -0.00686 | 0.00634 0.12437 0.15630 | 0.00249 | 0.00415
R.T. ADE -0.01737 | 0.00798 0.12446 0.14560 | 0.00451 | 0.00836
L.T. ADE 0.00490 0.03069 0.14322 0.19095 | 0.00711 | 0.01112
MLE 100 0.00930 0.00967 0.07431 0.10286 | 0.00211 | 0.00417
ADE -0.00065 | 0.00524 0.08447 0.10809 | 0.00143 | 0.00203
R.T. ADE -0.01184 | 0.00647 0.08508 0.10413 | 0.00328 | 0.00596
L.T. ADE -0.00056 | 0.01782 0.09981 0.13330 | 0.00459 | 0.00666
MLE 300 | 0.00163 0.00330 0.04319 0.05794 | 0.00067 | 0.00127
ADE 0-0.00159 | 0.00297 0.05059 0.06282 | 0.00096 | 0.00142
R.T. ADE -0.00292 | 0.00207 0.04841 0.05808 | 0.00091 | 0.00159
L.T. ADE 0.00670 0.00497 0.05485 0.07225 | 0.00119 | 0.00183
MLE 500 0.00284 0.00027 0.03225 0.04366 | 0.00053 | 0.00098
ADE 0.00138 | -0.00097 | 0.03689 0.04665 | 0.00043 | 0.00075
R.T. ADE -0.00280 | 0.00113 0.03785 0.04793 | 0.00069 | 0.00129
L.T. ADE -0.00040 | 0.00336 0.04267 0.05497 | 0.00091 | 0.00130
MLE 1000 | 0.00045 | -0.00012 0.02319 0.03150 | 0.00010 | 0.00019
ADE -0.000003 | -0.00009 0.02662 0.03363 | 0.00002 | 0.00003
R.T. ADE -0.00119 | -0.00095 0.02703 0.03258 | 0.00024 | 0.00045
L.T. ADE 0.00024 0.00092 0.03035 0.03907 | 0.00021 | 0.00034
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6. Comparing models via simulated acute bone cancer data

In this section, we will provide an application to illustrate the importance and potentiality of the
BH-BXII against other competitive models. Table 5 gives all competitive models used in this comparison.

Table 5: The competitive models.

Model CDF Author
. . 1—exp|—A(1—exp 7[71+(Xa1+1)a2]2 ) .
Poisson Rayleigh-BXII { ( — ex{P ENES! } ] Ibrahim [15]
(PR-BXII)
1—exp f?\<17exp{7[(1+xa1)azfl}z})e
Extended Poisson-BXII * —oxp (TN : Abdelkhalek [1]
(EP-BXII)
ajy—a 0
Nadarajah-Haghighi-BXII | 1 —exp {1 — {1 +A %} } New based on
- ascimento et al.,
(NH-BXII) Nasci 1., [16]
A
Extended Weibull BXII | 1 —exp {— [(1 +xa1)%92 _ 1} } Aboray and Butt [2]
(EW-BXII)
—0
BXIL-BXII 1= {[(@+xen @ -1 +1} New based on
(BXII-BXI) Cordeiro et al., [10]
A
Weibull Generalized-BXII | 1—exp {— [(1 +c1xar) O _ 1} } Elbiely and Yousof [11]
(WG-BXII)

The total time test (TTT) plot is an important graphical tool to verify whether the data can be applied
to a specific distribution or not, the empirical version of the TTT plot is given by plotting

Zym

I'/Tl lzyln+ _ryrn

against r/n, wherer =1,...,n and yi.n(i = 1,...,n) are the order statistics of the sample. The TTT plots
the new data sets presented in Figure 3. This plot indicates that the empirical HRFs of this data sets is
upside down (unimodal).

In order to compare the fitted models, we consider the following goodness-of-fit statistics: the Akaike
Information Criterion (AIC), Bayesian IC (BIC), Hannan-Quinn IC (HQIC), Consistent AIC (CAIC), where

AIC =2 [—e (w?) n k] , BIC = 2 [—e (w?) + %klog (n)] ,
HQIC =2 {—¢ (¥) +klog llog (n)]}, CAIC =2 [—e () + n_kkn_J ,

where k is the number of parameters, n is the sample size, —2¢ (\?) is the maximized log-likelihood.

Generally, the smaller these statistics are, the better fit. Table 6 gives the MLEs and standard errors (SEs)
for the survival times data. Table 7 gives the values of AIC, BIC, CAIC and HQIC for the survival times
data. Figure 3 gives estimated PDF, CDF, HRF and Kaplan-Meier survival plot for the survival times data.
Figure 4 gives the P-P plot for new model and the competitive models.

Based on the values in Table 7 the BH-BXII provides adequate fits as compared to PR-BXII, NH-BXII,
EW-BXII, BXII-BXII, WG-BXII with smallest values of AIC, BIC, HQIC, CAIC. Based on Figure 4, the new
version of BXII gives adequate fits.
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Figure 3: TTT plot for the survival times data.
Table 6: MLEs and SEs for the survival times data.
Model Estimates
BH-BXII(a4, ay) 2.5788 0.2934
(0.3364) | (0.0475)
PR-BXII(A, ai, az) 6.3399 0.8766 0.3026
(1.5272) | (0.1045) | (0.0421)
EP-BXII(A, 6, a1, as) -8.7894 36.2752 0.0818 1.7432
(6.9357) | (50.0761) | (0.0189) | (0.1032)
NH-BXII(A, 6, ay, ap) 7.7052 19.0713 1.8018 0.0024
(0.0000) | (0.000) | (0.2685) | (0.0004)
EW-BXII(A, 0, ai, ap) 0.5513 1.6976 3.9999 | (0.12233)
(0.0905) | (0.0000) | (0.9579) | (0.0000)
BXII-BXII(A, 6, ai, az) 1.6733 0.8148 1.3705 0.7411
(2.1604) | (0.6809) | (1.8561) | (0.6114)
WG-BXII(), 0, ay, az,¢) | (0.3129) | (1.3472) | 59651 | 0.1938 | 1.4978
0.2061515 | (0.0000) | (3.4677) | (0.0000) | (0.4598)

Table 7: AIC, BIC, CAIC, and HQIC values for the survival times data.

Model AIC, CAIC, BIC, HQIC
BH-BXII | 284.4626, 284.634, 289.0435, 286.2882
PR-BXII | 293.0974, 293.4452, 299.9688, 295.8358
EP-BXII | 291.7877,292.376, 300.9496, 295.4389
NH-BXII | 303.0068, 303.5951, 312.1687, 306.658
EW-BXII | 292.3694, 292.9577, 301.5313, 296.0206
BXII-BXII | 286.3742, 286.9624, 295.536, 290.0253
WG-BXII | 293.4625, 294.3581, 304.9148, 298.0265
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Figure 4: Estimated CDF, PDF, HRF, Kaplan-Meier survival, and P-P plots.

7. Conclusions

This paper presented a new two parameter Burr XII distribution. The new PDF can be right skewed
with no peak, unimodal-right skewed, left skewed and symmetric. The new HRF can be decreasing,
unimodal and increasing. Properties related to the new PDF are derived. Simple type copula-based
construction is presented for deriving some new bivariate and multivariate type distributions via the
Morgenstern family and the clayton copula. The maximum likelihood estimation, Anderson Darling
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estimation, right tail Anderson Darling estimation and left tail Anderson Darling estimation methods are
used to estimate the model parameters. A new data set is analysed for comparing estimations methods
and the competitive models.
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