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Abstract

In this paper, we study the split common fixed point problem in reflexive Banach spaces, we obtain a strong convergence
theorem for approximating a solution of the split common fixed point problem for Bregman demigeneralized mapping. Our
result extend and improve important recent results announced by many authors.
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1. Introduction

Let E be a real reflexive Banach space with norm || - || and E* the dual space of E. Throughout this
paper, we shall assume f : E — (—o0,+00] is a proper, lower semi-continuous and convex function. We
denote by dom(f) := {x € E: f(x) < +oo} the domain of f. Let x € int(dom(f)); the subdifferential of f at
x is the convex set defined by

of(x) ={x* € " : f(x) + (x*,y —x) < f(y), Yy € E},
where the fenchel conjugate of f is the function f* : E* — (—o0, +-00] defined by
f*(x*) = sup{(x*,x) — f(x) : x € E}.
A function f on E is coercive [12] if the sublevel set of f is bounded, equivalently,

lim f(x) = +co.
[|x||—=-+o0
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A function f on E is said to be strongly coercive [27] if

f(x)

m =
Ix[l—=+oo ||X]]

For any x € int(dom(f)) and y € E, the right-hand derivative of f at x in the direction of y is defined by

fo(x,y) = lir(r)l+ flx+ ti) — f(x).
t—

The function f is said to be Gateaux differentiable at x if lim_,g w exists for any y. In

this case, the gradient of f at x is the function Vf(x) : E — (—o0, +oo] defined by (Vf(x),y) = f°(x,y)
for any y € E. The function f is said to be Gateaux differentiable if it is Gateaux differentiable for any
x € int(dom(f)). The function f is said to be Fréchet differentiable at x if this limit is attained uniformly
iny, [Jly|| = 1. The function f is said to be uniformly Fréchet differentiable on a subset C of E if the
limit is attained uniformly for x € C and |[[y|| = 1. It is well known that if f is Gateaux differentiable
(resp. Fréchet differentiable) on int(dom(f)), then f is continuous and its Gateaux derivative Vf is norm-
to-weak® continuous (resp. norm-to-norm continuous) on int(dom(f)) (see [2, 5]). We will need the
following results.

Lemma 1.1 ([18]). If f : E — R is uniformly Fréchet differentiable and bounded on bounded subsets of E, then Vf
is uniformly continuous on bounded subsets of £ from the strong topology of E to the strong topology of E*.

Definition 1.2 ([4]). The function f is said to be:

(1) essentially smooth, if 0f is both locally bounded and single-valued on its domain;
(ii) essentially strictly convex, if (3f)"! is locally bounded on its domain and f is strictly convex on
every subset of domf;
(iii) Legendre, if it is both essentially smooth and essentially strictly convex.

Remark 1.3. If E is reflexive Banach space. Then we have the following results:

(i) fis essentially smooth if and only if f* is essentially strictly convex (see [4] Theorem 5.4);
) (2f) " = 0f* (see [5]);
(iii) fis Legendre if and only if f* is Legendre (see [4, Corrolary 5. 5])

V)

(iv) if f is Legendre, then Vf is a bijection satisfying Vf = (V*)~1, ranVf = domV (f*) = int(dom(f*))
and ran Vf* = dom(f) = int(dom(f)) (see [4, Theorem 5.10]).

(ii

Examples of Legendre functions were given in [3, 4] . One important and interesting Legendre function
s 1. |” (1 <p < o0) when E is a smooth and strictly convex Banach space. In this case the gradient
Vit of f is coincident with the generalized duality mapping of E, i.e, Vf = ], (1 <p < co). In particular,
Vf = I the identity mapping in Hilbert spaces.
In the rest of this paper, we always assume that f : E — (—o0, +00] is Legendre. Let f : E — (—o00, 4-00]
be a convex and Gateaux differentiable function. The function D¢ : domfx intdomf — (—oo, +00], defined
as follows:

Dr(x,y) = fx) = fly) = (VF(y), x —y),
is called the Bregman distance with respect to f (see [10] ). It is obvious from the definition of D¢ that
D¢(z,x) := D¢(z,y) + D¢(y, x) + (Vfly) — vf(x), z—y). (1.1)

A point p € C is said to be asymptotic fixed point of a map T, if there exist a sequence {x,} in C which
converges weakly to p such that lim, o [[xn — Txn| = 0. We denote by F(T) the set of asymptotic
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fixed points of T. A point p € C is said to be strong asymptotic fixed point of a map T, if there exists
a sequence {xn } in C which converges strongly to p such that limn_,  [|[xn — Txy|| = 0. We denote by
F(T) the set of strong asymptotic fixed points of T. A map T:C — C is called quasi-Bregman relatively
nonexpansive [16] if F(T) # (), F(T) = F(T) and D¢(Tx,p) < D¢(x,p) for all x € C and p € F(T). T is said
to be quasi-Bregman strictly pseudocontractive [26] if there exists a constant A € [0,1) and F(T) # 0 such
that D¢(p, Tx) < D¢(p,x) +AD¢(x, Tx) for all x € C and p € F(T).

Let E be a reflexive Banach space and A : E — 2F" multi-valued map, A is said to be monotone if
(x—y,u—v) > 0 for all x,y € Dom(A), u € Ax and v € Ay. A monotone operator A is said to be
maximal if the graph of A is not properly contain in the graph of any other monotone operator on E.

Let A be a maximal monotone mapping with A~(0) # 0 and f : E — (—o0,+00) be a uniformly
Fréchet differentiable and bounded on bounded subsets of E, then the resolvent with A and any A > 0 is
defined by

Resh (x) = (Vf+A) Lo V(x)

is single valued Bregman quasi-nonexpansive mapping from E onto D(A) and F(Resﬁ_\) = A~10) (for
details see [20]).

In 1967, Bregman [6] introduced an effective technique using the Bregman distance function D¢ for
designing and analyzing feasibility and optimization algorithms. This opened a growing area of research
in which Bregman’s technique is applied in various ways in order to design and analyze iterative algo-
rithm for solving not only feasibility and optimization problems, but also algorithms for solving fixed
point problems for nonlinear mappings (see, e.g., [1, 8, 15, 20, 21, 26] and the references therein).

Let H be a real Hilbert space and C a nonempty closed and convex subset of H. Amap T: C — H is
said to be inverse strongly monotone if there exists A > 0 such that

(x—y, Tx—Ty) > ?\IITX—TyIIZ, Vx,y € C.

Let H; and H; be real Hilbert spaces. Let C and Q be nonempty, closed and convex subsets of H; and H,
respectively. Let U : H; — Hy be a bounded linear operator. Then the split feasibility problem is to find
z € Hy such that z € CNU™!Q. Also let A : H; — 2H1 and B : H, — 2M2 be maximal monotone mappings,
respectively, let U : H; — H; be a bounded linear operator. The split common null point problem is to find
z € Hj such that z € A~1(0) N U~'B~1(0), where A~1(0) and B~!(0) are the null point sets of A and B,
respectively. Given the mappings T : H; — Hy and G : Hy — Hj, respectively and U : H; — Hj bounded
linear operator, the split common fixed point problem is to find z € H; such that z € F(T) N A~!F(G),
where F(T) and F(G) are fixed point sets of T and G, respectively. Let M = U*(I — Pq)B be the split
feasibility problem we have that M : H; — Hj is an inverse strongly monotone operator where U* is an
adjoint operator of U and Pg is a metric projection of H, onto Q. Again if CNU™'Q is nonempty then
forA>0,zc CNU™!Q s equivalent to

z=Pc(I-AU*(I-Pg)A)z, (1.2)
where Pc is a metric projection of H; onto C. Also if A10)NU~B~(0) is nonempty, then z € A~1(0)N
U~1B~1(0) is equivalent to

z=\(I—-yU(I-QuU)z, (1.3)
where vy > 0 and J) and Q,, are resolvents of A for A > 0 and B for v > 0, respectively. Several authors
have studied split feasibility problem, split common null point problem and split common fixed point

problem (see, e.g., [9, 11, 24] and the references therein). Hojo and Takahashi [13] extended (1.2) and (1.3)
in Hilbert space to Banach space using the following iterative algorithm

Zn = Ja, (xn — AT Je(Txn — QHnTxn)),
Yn = OnXn + (1 —an)zn,
Cry1={zeH:llyn —zll < lxn —zl}N Cy,
Xn41 = PCn+1un+lr ne N/
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under some appropriate conditions they proved that sequence {x,} converges strongly to a point z €
A~H0)NT1B~1(0).

Let E be a smooth Banach space and let | be the duality mapping on E. The Lyapunov functional
¢ : E x E — R is define by

b y) = X =200 Ju) +Iyl?,  Vxy € E.
Letn and s be real numbers with 1 € (—oo,1) and s € [0, 00), respectively. Then the mapping T: C — E
with F(T) # () is called (n, s)-demigeneralized, if for any x € C and q € F(T),
(x=q,Jx=]JTx) = (1 —=m)(x, Tx) + sd(Tx,x), (1.4)
where F(T) is the set of fixed points of T. In particular if s = 0 in (1.4) then the mapping T becomes
(x—q,Jx—=]JTx) = (1 —m)d(x, Tx)

for any x € Cand q € F(T). (n,0)-demigeneralized mappings are very important class of demigeneralized

mappings.
Takahashi [23] studied the following iterative algorithm for solving split common null point problem
and proved a strong convergence theorem for generalized resolvents in Banach spaces.

Zn = ]El (]Exn —Tn A" (IFTXn - IFQunAXn))/

Yn = JAnZn,

Ch={yelb:2(xn—2z Jexn — JezZn) = TnOx(Axn, Qu . AXn)}
Dn :{U €ekb: <yn_ZIJEZn_IEyn> 0};

Qn={yet: {(xn—2zJex1—Jexn) = 0};

Xn+1 = e nDanQuXxt, n21,

>
>

under some mild conditions the sequence {x} converges strongly to a point z € G~(0) N A~1B~1(0).
The following shrinking projection method was studied by Takahashi [22] for solving split common
fixed point problem using demigeneralized mapping in Banach spaces

zn = Jg (Jexn — TnA* (JFAXn — JFUAXY)),

Yn = Tzn,

Cn={y€E:2(xn —z Jexn — Jezn) = Tn(1 —M)Pr(Axn, UAXL )}
Dn={y€t:2(yn —zJezn — Jeyn) = (1 =t de(zn, yn)}

Qn ={yet: (xn—2zJex1 —Jexn) = 0}

Xn+1 =Ic, nDanQnx1, m2>1,

under some appropriate conditions the sequence {x,,} converges strongly to a point z € F(T) N A~F(U).

Motivated and inspired by the above mentioned results, we studied the split common fixed point
problem in reflexive Banach spaces, we obtained a strong convergence theorem for approximating a
solution of the split common fixed point problem for (n,0)-Bregman demigeneralized mapping. Our
result extends and improves the result of Takahashi [22] and many recently announced results.

2. Preliminaries

Recall that the Bregman projection [6] of x € intdomf onto nonempty, closed and convex set C C domf
is the unique vector Pc(x) € C satisfying

D¢(Pk(x),x) =inf{D¢(y,x) : y € C}.

Concerning the Bregman projection, the following are well known.
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Lemma 2.1 ([8]). Let C be a nonempty, closed and convex subset of a reflexive Banach space E. Let f : E — R be a
Gateaux differentiable and totally convex function and let x € E. Then

(b) z =Px(x) if and only if (Vf(x) —Vf(z),y—2z) <0, VyeC
(b) D¢(y,Pc(x)) +D¢(Pc(x),x) < Df(y,x), VxeE yeC.

Let f: E — (—o0,400] be a Gateaux differentiable function. The modulus of total convexity of f at x €
intdomf is the function v¢(x, -) : [0, +00] defined by

Vf(xl t) = lnf{Df(X/U) ‘ye domf/ Hy - XH = t}

The function f is called totally convex at x if v¢(x,t) > 0 whenever t > 0. The function f is called
convex if it is totally convex at any point x € intdomf and is said to be totally convex on bounded set if
v¢(B,t) > 0 for any nonempty bounded subset B of E and t > 0, where the modulus of total convexity of
the function f on the set B is the function v¢ : intdomf x [0, +00) — [0, +00) defined by

ve(B,t) :=inf{v¢(x, t) : x € B N domf}.

Lemma 2.2 ([17]). Let E be a Banach space and f : E — R be a Giteaux differentiable function which is uniformly
convex on bounded subsets of E. Let {XnneN and {Ynnen be bounded sequences in E. Then

lim D¢(xn,yn) =0 if and only if lim ||x, —ynl| =0.
n—oo n—oo

Lemma 2.3 ([19]). Let f : E — R be Gateaux differentiable and totally convex function. If xo € E and the sequence
{D¢(xn,x0)} is bounded the sequence {xn} is bounded too.

Recall that the function f is called sequentially consistent if for any two sequences {x,,} and {yn}in E
such that the first one is bounded

ngrerloo D¢(Yn,un) =0 implies ngl—rb—loo lyn —un| =0.

Lemma 2.4 ([7]). The function f is totally convex on bounded sets if and only if the function f is sequentially
consistent.

The following definition is slightly different from that in Butnariu and Tusem [7].

Definition 2.5 ([14]). Let E be a Banach space. The function f : E — R is said to be a Bregman function if
the following conditions are satisfied:

(i) fis continuous, strictly convex and Gateaux differentiable;
(ii) the set{y € E:D¢(x,y) < r}is bounded for all x € E and r > 0.

The following lemma follows from Butnariu and Iusem [7] and Zdlinescu [27].

Lemma 2.6. Let E be a reflexive Banach space and f : E — R be a strongly coercive Bregman function. Then

(i) Vf:E — E* is one-to-one, onto and norm-to-weak™* continuous;
(i) (x —y, Vf(x)—Vf(y)) =0ifand only if x =y;
(iif) {x € E: D¢(x,y) < r}is bounded forally € Eand r > 0;
(iv) dom f* = E¥, f* is Gateaux differentiable and V* = (Vf)~1.
The following two results are well known; see [27].

Theorem 2.7. Let E be a reflexive Banach space and let f : E — R be a convex function which is bounded on
bounded subsets of E. Then the following assertions are equivalent:

(1) fis strongly coercive and uniformly convex on bounded subsets of E;
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(2) domf* = E*, f* is bounded on bounded subsets and uniformly smooth on bounded subsets of E*;

(3) domf* = E*,f* is Frechet differentiable and V{* is norm-to-norm uniformly continuous on bounded subsets
of E*.
Theorem 2.8. Let E be a reflexive Banach space and let f : E — R be a continuous convex function which is

strongly coercive. Then the following assertions are equivalent:

(1) fis bounded on bounded subsets and uniformly smooth on bounded subsets of E;
(2) f* is Frechet differentiable and f* is uniformly norm-to-norm continuous on bounded subsets of E*;
(3) domf* = E*, f* is strongly coercive and uniformly convex on bounded subsets of E*.

Lemma 2.9 ([19]). Let f: E — R be a Gateaux differentiable and totally convex function, xo € E and let C be a
nonempty, closed and convex subset of E. Suppose that the sequence {xn} is bounded and any weak subsequential
limit of {xn} belongs to C. If D¢(xn,x0) < D¢(Pc(x0),x0) for any n € R, then {xn} converges strongly to Pc(xo).

Definition 2.10. Let E be a reflexive Banach space, C a nonempty closed and convex subset E, let n be
a real number with n € (—oo,1). Then the mapping T : C — E with F(T) # 0 is called (n,0)-Bregman
demigeneralized mapping, if for any x € C and q € F(T),

(x —q, Vf(x) = VI{(Tx)) > (1 —n)D¢(x, Tx),
where F(T) is the set of fixed points of T.

The following examples illustrate that the class of Bregman demigeneralized mappings are very im-
portant.

(i). [26] Let C be a nonempty closed convex subset of reflexive Banach space E. Let k be a real number in
(0,1), the map T : C — E is called quasi-Bregman strictly pseudocontractive mapping if F(T) # 0, Vx € C
and p € F(T),

Df(p/TX) < Df(P/X) +kDf(X/TX)/ (21)

in fact T is (k, 0)-Bregman demigeneralized mapping, from (1.1) and (2.1) we have,
D¢(p, Tx) < D¢(p,x) + D¢(x, Tx) — D¢(x, Tx) + kD¢(x, Tx),
which implies
(1—Kk)D¢(x, Tx) < D¢(p,x) + Ds(x, Tx) — D¢(p, Tx) = (x — p, VFf(x) — V{(Tx)).

This shows that T is (k, 0)-Bregman demigeneralized mapping.

(ii).Let E be a reflexive Banach space, let f : E — R be strongly coercive function and let A be a maximal
monotone operator with A~ # () . Let A > 0 Res}, 5 is (0,0)-Bregman demigeneralized mapping, for any
x € Eand z € A~1(0) we have

(Resk A (x) —z, Vf(x) — Vf(Res! A (x))) >0,

which gives
(Res§ A (x) — x +x — 2, VF(x) — Vf(Res§ A (x))) >0,

hence,

(x —z, Vf(x) — Vf(Res;A(x)D > (x— Res;A (x), VFI(x) — Vf(Res;A (x)))
= D¢(x,Res{ o (x)) + D(Resja (x),x) > Ds(x, Resia (x)).

This shows that Res! » is (0,0)-Bregman demigeneralized mapping.
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(iii).Let E be a reflexive Banach space and C a nonempty closed convex subset of E and let f: E — R be a
Fréchet differentiable convex function. A map T : C — E is called quasi-Bregman nonexpansive mapping
if F(T) #0 and for allx € C, p € F(T),

Di(p, Tx) < Dr(p,x),
then T is (0, 0)-Bregman demigeneralized mapping. For all x € C, p € F(T) we have

D¢(p, Tx) < D¢(p,x),
which by (1.1) we get

D¢(p,x) + Drlx, Tx) + (p —x, Vf(x) — VI(Tx])) < D¢(p,x)
and hence
D¢(x, Tx) < (x —p, Vf(x) — V(Tx)).

This implies that T is (0, 0)-Bregman demigeneralized mapping.

Example 2.11. Let E = R, C = [-1,0] and define T,f : [-1,0] — R by f(x) = x> and Tx = 2x, for all
x € [-1,0]. Then T is (1, 0)-Bregman demigeneralized mapping but not (1, 0)-demigeneralized mapping.

Proof. 1t is clear from the definition that f is proper, lower semi-continuous, and convex, also F(T) = {0}.
From the definition (1, 0)-Bregman demigeneralized mapping, we have for any n € (—oo, 1) such that

(x —q, Vf(x) = Vf(Tx)) > (1 —n)D¢(x, Tx) for all x € C, q € F(T).

But
(x —0, Vf(x) — Vf(Tx)) = (x — 0, Vf(x) — Vf(2x))
= (x, V(x’) = V(8x%))
= (x,3x% — 24x?) @2)
= (x, —21x%) = —21x°
and
D¢(x, Tx) = f(x) — f(Tx) — (VFf(Tx),x — Tx)
= x> — f(2x) — (24x?,x — 2x)
(2.3)

=x> —8x> — (24x%, —x)

= —7x% +24x> = 17
Therefore from (2.2) and (2.3) we have

(x — 0, Vf(x) — VFf(Tx)) = —21x°

2 (1 _n)17X3/ Vx € [_1/0]/ ne (—00,1)
2 (1 _n)Df(X/TX)/ VX S [_1/0]/ n S (_Ooll)l
21 4
213> (1-17 = 21=(1-7m)17 = I-m=3 = n=r

Therefore
(x—0,Vf(x) = Vf(Tx)) = (1 —m)D¢(x, Tx), Vx € [-1,0], n € (—o0,1).
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Hence T is (1, 0)-Bregman demigeneralized mapping. Further

(x=0,Jx=]JTx) = (x—0,J(x) = J(2x))
= (x,J(x)) — (x, J(2x))
= [x[> — 2x* = —|x|?

and
d(x, Tx) =[x — 2(x, J(Tx)) + ITx|?
= x> — 2(x, J(2x)) + 12x|?
= x> — 4(x,J(x)) + 4)x[?

= [x? — 4l + 4x® = [xP.
Since —|x|? < (1 —n)[x[?, ¥x € [-1,0], and for all € (—o0, 1),
(x=0,Jx=JTx) > (1—=m)d(x, Tx), ¥x e [-1,0],
can not hold for any n € (—oo,1). Hence T is not a demigeneralized mapping. O

Assumption 2.12. Let E be a reflexive Banach space and C a nonempty closed convex subset of E. A mapping
T : C — Eis called demiclosed if for any sequence {xn} € C such that x,, — p and xn — Txn, — 0, then p = Tp
holds.

3. Main result

Lemma 3.1. Let E be a reflexive Banach space and C a nonempty closed and convex subset of E. Let f : E — R
be a strongly coercive, Legendre function, which is bounded, uniformly Fréchet differentiable and totally convex on
bounded subset of E. Let n be a real number withn € (—oo, 1) and T an (n,0)-Bregman demigeneralized mapping
of C onto E. Then F(T) is closed and convex.

Proof. We first show that F(T) is closed. For a sequence {q,} in F(T) such that g, — q and in C, we have
from the definition of T that

(9 —dn, Vf(q) — Vf(Tq)) > (1-m)D+¢(q, Tq),

from qn = qwehave0 > (1—m)D¢(q, Tq). From1—mn >0, we get 0 > D¢(q, Tq) and hence 0 = D¢(q, Tq).
Since E is reflexive, we have q = Tq. This implies that F(T) is closed. Secondly we show that F(T) is convex.
Letp,q € F(T) and set x = ap + (1 — ) q, where « € [0, 1]. From the definition of T we have that for x € C
and q € F(T),

(x —q, Vf(x) — Vf(Tx)) = (1 —m)D¢(x, Tx).

This implies from (1.1) that
D¢(q,x) + D¢(x, Tx) —D¢(q, Tx) = (1 —m)D+(x, Tx),

which implies
D¢(q,x) +D¢(x, Tx) = D¢(x, Tx) +nD+(x, Tx) = D¢(q, Tx)

and hence
D¢(q,x) +1nD¢(x, Tx) > D¢(q, Tx).

Using this, we have for x = ap + (1 — «)q, and p, q € F(T)

D¢(x, Tx) = f(x) — f(Tx) — (VFf(Tx),x — Tx)
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f(x) —f(Tx) — (VF(Tx), (ap + (1 —x)q) — Tx)

f(x) —f(Tx) — (VF(Tx),p — Tx) — (1 — x)(VF(Tx), q — Tx)
f(x) + af(p) — af(Tx) — «(VF(Tx),p — Tx)

+ (1 —a)f(q) — (1 — ) f(Tx) — (1 — ) (VA(
f(x) + aD¢(p, Tx) + (1 — x)D¢(q, Tx) — f(x)

x(D¢(p,x) +nD¢(x, Tx)) + (1 — o) (D¢ (q, x) +nD+(x, Tx))

af(p) — af(x) — a(VF(x),p —x) + omD¢(x, Tx)

+ (1= o)f(q) = (1= o) f(x) — (1 = &) (VF(x), q —x) + (1 — a)nD¢(x, Tx)
= of(p) + (1 — a)f(q) — f(x) — (VF(x), (ap + (1 — &) q) —x) + D¢ (x, Tx))
=nD¢(x, Tx),

Tx), q —Tx) — af(p) — (1 — a)f(q)

N

this implies 0 < (n —1)D¢(x, Tx) we have from the fact 0 > (1 —1) that D¢(x, Tx) = 0 and from Lemma
7.3 in [4] it follows that x = Tx. Therefore F(T) is convex. O

Theorem 3.2. Let E and X be reflexive Banach spaces, f : E — R and g : X — IR be strongly coercive Legendre
functions which are bounded uniformly Fréchet differentiable and totally convex on bounded subsets of E and X,
respectively. Let | and T be real numbers withn, T € (—oo,1). Let G : E — E be (n,0)-Bregman demigener-
alized mapping with F(G) # 0 and let T : X — X be (t,0)-Bregman demigeneralized mapping with F(T) # 0.
Let B : E — X be a bounded linear operator such that ||B|| # 0 and let B* be the adjoint operator of B. Suppose
Q =F(G)NBIF(T) # 0. Let {xn} be a sequence generated by the following algorithm and x; € E

zn = VI*(Vf(xn) — 1nB*(Vg(Bxn) — Vg(TBxn))),
Yn = Gz,

Ch={y€el:(xn—y, Vf(xn)—Vf(zn))
Dn={yet:(zn—y, Vf(zn) — Vflyn))
Qn ={y€E: (xn—y, Vf(x1) = Vf(xn))

_ pf
Xn+1—PCanannX1, nz

n(1— n)Dg(Ban TBxn)}

T
(1—=1)D¢(zn,yn)}
0}

(3.1)

Vv WV

—_
~

where 1, C (0, 00) and a € (0, 00) satisfying the following inequalities

1
O<a<ry, < ||B||2' vn € IN.

Then {xn} converges strongly to p € Q where p = P5x;.

Proof. 1t is easy to see that C, N Dyn N Qn is closed and convex for all n > 1. To show Q € C,, for all
n > 1, we need to show that

(xn —p, Vf(xn) = Vf(zn)) = mn(1 —1)Dg(Bxn, TBxy,)
for all p € B~'F(T) and n > 1. Thus we have

<Xn — P, Vf(xn) - Vf(zn)>

Tn{xn —p,B* (VQ(BXn) - Vg(TBXn))>
Tn(Bxn —Bp, Vg(Bxn) — Vg(TBxn))
(1 —m)Dg(Bxn, TBxn).

WV

This shows Q € B~'F(T) C C,, for all n > 1. We next show that Q C Dy, for all n > 1, we show that

(zn —p, Vf(zn) = Vf(yn)) = (1 =1)D¢(zn, yn)
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for all p € F(G) and n > 1. Thus we have

<Zn — P, Vif(zn) — Vf(yn» —(1—- T)Df(znryn) = <Zn — P, Vf(zn) — Vf(GZn)> — (1 —7)D¢(zn, Gzn)
> (1—-1) (Df(Zn/ Gzn) — D¢(zn, Gln)) =0.

This implies that QO C F(G) C Dy, for all n > 1. We now show that O C Qn for all n > 1. From (3.1) we
have
Q1 = {p IS <X1 —‘p,Vf(Xl) — Vf(X1)> > O} =E.

Clearly O C Qi. Suppose that O C Qy for some k € IN. Then O C Cx N Dyx N Qx. From xy;1 =
P‘Ekkakaxl, we have

(xx+1 —p, VFf(x1) — Vf(xk+1)) 20, Vp e CkNDxNQx,

then
<Xk+1 — P, Vf(xl) — Vf(xk+1)> >0, Vp € Q.

This implies QO C Q1. Therefor by induction QO C Qy for all n > 1. Thus, we have QO C C;, "Dy N Qn.
This shows that {x.,} is well defined.

Since by Lemma 3.1, F(G) and F(T) are closed and convex, hence Q is nonempty, closed and convex.
This implies there exists p € Q such that p = P§x;. Since xp41 = P‘Eanannxl, from Lemma 2.1 and
the fact thatp € Q € C;, N Dy N Qp, for all m > 1 we have

D¢(p, Xn+41) + De(xns1,x1) < De(p,x1),
which implies
D¢(xn+1,%1) < D¢(p,x1).

This shows {D¢(xn,x1)} is bounded, by Lemma 2.3, {x,} is bounded too. Since the functions f and g are
bounded on bounded subsets of E and therefore Vf and Vg are also bounded on bounded subsets of E*
this implies the sequences {Vf(xn)}, {Vf(yn)}, {VFf(zn)}, {Vg(Bxn)} and {Vg(TBxy )} are bounded in E*.

Since x,, = Panxl and x, 41 = PmeDanm, we have x 11 € Cy, for all n > 0. Using Lemma 2.1, we
have

Df(xn+1/XTL) + Df(XTl./Xl) < Df(XnJrl/ Xl)/
which implies
D¢(xn,x1) < D¢(Xn41,%1),

this shows that {D¢(xn,x1)} is nondecreasing, consequently {D(xn,x1)} is convergent. From Lemma 2.1
we have

D¢(xnt1,Xn) = D¢(xn41, PG, ¥1) < De(xns1,%1) — D(Ph, x1,%1) < Dylxn1,%1) — Dy(xn, x1)

for all n > 1. Which implies
lim D¢(xn41,%n) =0.
n—o0
Since f is totally convex on bounded subsets of E, f is sequentially consistent (see [7]). It follows that

lim [[xn 1 —xnll=0. 3.2)
n—oo

Again, from the fact that x,, 1 = Péanannxl, we have x 41 € C, foralln >0

(xn —xny1, VI(xn) — Vf(zn)) = mn(1 _T])Dg(an/ TBxn).
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Since {r} > 0, from (3.2) we have
lim Dg(Bxn, TBxn) = 0.

n—oo

Since f is totally convex on bounded subsets of E, f is sequentially consistent it follows that

lim |[Bxp, — TBxxl| = 0. (3.3)

n

Since Vf is norm-to-norm uniformly continuous on bounded subsets of E* we have
lim |[Vg(Bxn)—Vg(TBxy)|| =0. (3.4)
n—oo
From (3.1) we have
IVf(xn) — V(zn)ll = [P B* (Vg(Bxn) — Vg(TBxn))ll.
Since {r} is bounded, from (3.4) we have
lim ||Vf(xn) — Vf(zn)|| =0.
n—oo
Since Vf is norm-to-norm uniformly continuous on bounded subsets of E* we have
Iim |[xn —znll =0. (3.5)
n—oo

But
lzn — Xni1ll < llzn —xnll + xn —xn41ll.
From (3.2) and (3.5) we have
T}E)I;O llzn — Xn+1|| =0. (3.6)

Again, we have from x, 41 € Dy, that

(zn —Xn+1, Vf(zn) — Vf(yn)) = (1 —1)D¢(zn, yn)-

From (3.6) we have
lim D¢(zn,yn) =0.

n—oo

Since f is totally convex on bounded subsets of E, f is sequentially consistent, it follows that
Iim ||z, — Gznl| = 0. (3.7)
n—oo

Since {xn, } is bounded and the fact that E is reflexive, there exists a sub-sequence {xn,, } of {xn} such that
Xn, — X" as k — co. From (3.5) there exists a sub-sequence {z,,, } of {z,} such that z,,, — x* as k — oo.
From (3.7) and the assumption G is demiclosed, we have x* € F(G). Furthermore, since B is a bounded
linear map, we have Bx;,, — Bx* as k — oco. From demiclosedness of T and (3.3) we have Bx* € F(T)
which implies x* € B~'F(T). Hence x* € Q.

Finally, we show that p = Poxp. With p = P}lxl and x* € O, we have

D¢(p,x1) < D¢(x*,x1), (3.8)
also, since x,, = ngl and p € Q € C;, NDyn N Qn, we have
D¢(xn,x1) < D¢(p,x1).

Since x,, — x*, we have
D¢(x*,x1) < D¢(p, x1). (3.9)

From (3.8) and (3.9) we obtain that D¢(x*,x1) = D¢(p,x1). Thus p = x* = P5x1. This completes the
proof. O
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Corollary 3.3. Let E and X be uniformly convex and uniformly smooth real Banach spaces. Let Jg and Jx be the
duality mappings on B and X, respectively. Let n and T be a real numbers withm, T € (—oo,1). Let G: E—E
be (n,0) demigeneralized mapping with F(G) # 0 and let T : X — X be (7,0) demigeneralized mapping with
F(T) # 0. Let B : E — X be a bounded linear operator such that B # 0 and let B* be the adjoint operator of B.
Suppose Q = F(G) NBIF(T) # (. Let {xn} be a sequence generated by the following algorithm, and x; € E

zn = Jg' (Jexn —™nB* (JxBxn — JxTBxn)),

Yn = Gzn,

Cn={yel: (xn—y,Jexn —Jezn) = rn(l —1)bx(Bxn, TBxn)}
Dn={yet: (zn—y Jezn —Jeyn) = (1 = 1)Pe(zn, yn)}
Qn={yebk:(xn—y Jex1 —Jexn) =2 0}

Xnt+1 = Mc nbanQuX1, n21,

where T, C (0, 00) and a € R satisfy the following inequalities

1
O<a<rn<w, vYn € IN.

Then {xn} converges strongly to p € Q and where p =TToxy.

4. Applications

Theorem 4.1. Let E and X be reflexive Banach spaces f : E — R and g : X — R are strongly coercive Legendre
functions which are bounded uniformly Fréchet differentiable and totally convex on bounded subsets of E and X,
respectively. Let G : E — E be quasi-Bregman nonexpansive mapping with F(G) # 0 and let T : X — X be quasi-
Bregman strictly pseudocontractive mapping with F(T) # (. Let B : E — X be a bounded linear operator such that
B # 0 and let B* be the adjoint operator of B. Suppose Q = F(G) N B~IF(T) # 0, with the assumption that T is
demiclosed. Let {xn} be a sequence generated by the following algorithm, and x, € E

zn = VI*(Vf(xn) — tnB*(Vg(Bxn) — Vg(TBxn))),

Yn = Gz,

Ch={yek: (xn—y, Vf(xn) = Vf(zn)) = tn(1 —1)Dgy(Bxn, TBxn)}
Dn ={y€t:(zn—y,VFf(zn) = Vf(yn)) = D¢(zn,yn)}

Qn ={y€k: (xn—y, VFf(x1) = VFf(xn)) = 0}

_ pf
Xn+1—PCanannX1, nz

>
Z

—_
~

where 1, C (0, 00) and a € R satisfy the following inequalities

O<a<rm < vn € IN.

1
IIBJ2
Then {xn} converges strongly to p € Q and where p = P5x.

Proof. Since T is quasi-Bregman strictly pseudocontractive mapping with F(T) # 0, then T is (k,0)-
Bregman demigeneralized mapping. Furthermore T is democlosed from the assumption. Also we have
quasi-Bregman nonexpansive mapping G is (0,0)-Bregman demigeneralized and demiclosed mapping.
Therefore the result follows from Theorem 3.1. O

Theorem 4.2. Let E and X be reflexive Banach spaces f : E — R and g : X — R are strongly coercive Legendre
functions which are bounded uniformly Fréchet differentiable and totally convex on bounded subsets of E and X,
respectively. Let U and A be maximal monotone operators of E into E* and X into X*, respectively. Let Res{, be the
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resolvent of U for A > 0 and let Res‘:l A be the resolvent of A for w > 0. Let B : E — X be a bounded linear operator

such that B # 0 and let B* be the adjoint operator of B. Suppose Q = U~1(0)NB~1(A~1(0)) # 0, with the assump-
tion that Res, and ResL A are demiclosed. Let {xn} be a sequence generated by the following algorithm, and x; € E

zn = VI (Vf(xn) —tnB*(Vg(Bxn) — Vg(Res] o (Bxn)))),

Yn = Res;u(ln)r

Cn={yek: (xn—y, Vf(xn)— > ran(an,Res‘;A(an))}
Dn={yet:(zn—y,Vf(zn) — VFf(yn)) = D¢(zn,yn)}
Qn = {U €t <XTL —-Y, Vi(x1) — Vf(xn)> =

_ pf
Xn+1 = Pcanannxlr nx>1

~

where 1, C (0, 00) and a € R satisfy the following inequalities

O<a<ry, < vn € IN.

1
IIBII>*
Then {xn} converges strongly to p € Q and where p = P§x;.

Proof. Since Resl, is the resolvent of U on E is (0,0)-Bregman demigeneralized mapping. Also since
Res‘:L als the resolvent of A on X is (0,0)-Bregman demigeneralized mapping. Furthermore Res}, and
Res.fl A are demiclosed. Therefore the result follows from Theorem 3.1. O

Theorem 4.3. Let E and X be reflexive Banach spaces f : E — R and g : X — R are strongly coercive Legendre
functions which are bounded uniformly Fréchet differentiable and totally convex on bounded subsets of E and X,
respectively. Let G : E — Eand T : X — X be quasi-Bregman nonexpansive and demiclosed mappings, respectively.
Let B : E — X be a bounded linear operator such that B # 0 and let B* be the adjoint operator of B. Suppose
Q =F(G)NBIF(T) # 0. Let {xn} be a sequence generated by the following algorithm, and x; € E

zn = VI (Vf(xn) — tnB*(Vg(Bxn) — Vg(TBxn))),

Yn = Gz,

Ch={y€elk:{(xn—y, Vf(xn)— > 1nDg(Bxn, TBxn)}
Dn ={y€t:(zn—y, Vf(zn) = Vf(yn)) = Dt(zn,yn)}
Qn ={y€k: (xn—y,Vf(x1) = Vf(xn)) =

_ pf
Xn+1 = Pcanannxlz nxl,

where T, C (0, 00) and a € R satisfy the following inequalities

1

O<ag<ry, <

Then {xn} converges strongly to p € Q and where p = P§x;.

Proof. Since G and T are quasi-Bregman nonexpansive mappings, G and T are (0,0)-Bregman demigen-
eralized mappings. Furthermore G and T are democlosed. Therefore the result follows from Theorem
3.1. O
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