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1. Introduction

Mustafa and Sims [11] introduced the concept of G-metric spaces as a generalization of a metric space,
since then, several interesting results for existence of fixed point in G-metric spaces have been obtained
(see [2–4, 7, 10, 11]).

In the other hand, Papa et al. are proved some fixed point theorems for functions satisfying an implicit
relations in metric spaces and G-metric spaces (see [9, 13–18]).

The notion of b-metric space was introduced by Czerwik [8], and many authors studied fixed point
theorems in b-metic spaces (see[1, 6, 9, 12, 19]). Recently, Aghajani et al. [5] generalized the concept of
b-metic spaces by using the notions of b -metric spaces and G-metric spaces, which is called Gb-metric
spaces and they discussed some properties and common fixed point results of Gb-metric.

The aim of this paper is to introduce (β,α)-implicit contractive of two mappings on two generalized
b-metric spaces and derive some new fixed point theorems for (β,α)-implicit contractive in two complete
and compact generalized b-Metric spaces.

We recall some basic definitions and results, for details on the following notions (see [5]). Throughout
this paper, R denotes the set of all real numbers, R+ denotes the set of nonnegative reals and N denotes
the set of natural numbers.

Definition 1.1. Let X be a non empty set and δ > 1 be a given real number. A mapping G : X3 → R+

is said to be a generalized b-metric (Gb-metric on X) if for all x, y, z, a ∈ X, the following axioms are
satisfied:
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(Gb1) G(x,y, z) = 0 if x = y = z;
(Gb2) 0 < G(x, x,y), with x 6= y;
(Gb3) G(x, x,y) 6 G(x,y, z), with z 6= y;
(Gb4) G(x,y, z) = G(p(x, z,y)) where p is a permutation of x,y, z (symmetry);
(Gb5) G(x,y, z) 6 δ(G(x,a,a) +G(a,y, z)), (rectangle inequality).

A pair (X,G) is called a generalized b-metric.

Example 1.2. Let (X,G) be a G-metric space. Consider Gb(x,y, z) = (G(x,y, z))p, where p > 1, is a real
number. Then Gb is a Gb-metric space with δ = 2p−1 .

Each G-metric space is a Gb-metric space with δ = 1. The following example shows that a Gb-metric
space on X does not need to be a G-metric space on X.

Example 1.3. Let X = R and Gb = 1
9(| x− y | + | y− z | + | z− x |)2. Then Gb is a Gb-metric space on

R but not a G-metric space on R. Indeed, let x = 3,y = 5, z = 7 and a = 7
2 , we have Gb(3, 5, 7) = 64

9 ,
Gb(3, 7

2 , 7
2) =

1
9 and Gb( 7

2 , 5, 7) = 49
9 so Gb(3, 5, 7) > Gb(3, 7

2 , 7
2) +Gb(

7
2 , 5, 7).

We present some definitions and propositions in Gb-metric space.

Proposition 1.4. Let (X,G)be a Gb-metric space. Then for any x,y, z and a ∈ X, it follows that:

(1) if G(x,y, z) = 0 then x = y = z;
(2) G(x,y, z) 6 δ(G(x, x,y) +G(x, x, z));
(3) G(x,y,y) 6 2δG(y, x, x);
(4) G(x,y, z) 6 δ(G(x,a, z) +G(a,y, z)).

Definition 1.5. Let (X,G) be a Gb-metric space, and (xn) be a sequence of points of X, we say that (xn) is
Gb-convergent to x if for any ε > 0, there exists n0 ∈ N such that G(x, xn, xm) < ε, for all n,m > n0.

Proposition 1.6. Let (X,G) be a Gb-metric space. Then the following are equivalent:

(1) (xn) is G-convergent to x;
(2) G(xn, xn, x) −→ 0, as n −→∞;
(3) G(xn, x, x) −→ 0, as n −→∞.

Definition 1.7. Let (X,G) be a Gb-metric space, a sequence (xn) is called Gb-Cauchy if given ε > 0, there
is no ∈ N such that G(xn, xm, xl) < ε, for all n,m, l > no.

Proposition 1.8. Let X be a Gb-metric space, then the following are equivalent:

1. the sequence {xn} is Gb-Cauchy;
2. for any ε > 0, there exists n0 ∈ N such that G(xn, xm, xm) < ε, for all m,n > n0.

Definition 1.9. Let (X,G) and (X∗,G∗) be Gb-metric space and let h : (X,G) −→ (X∗,G∗) be a function,
then h is said to be Gb-continuous at a point a ∈ X, if given ε > 0, there exists δ > 0 such that x,y ∈
X,G(a, x,y) < δ implies G∗(h(a), h(x), h(y)) < ε.

Definition 1.10. A Gb-metric space (X,G) is said to be Gb-complete if every Gb-Cauchy sequence in
(X,G) is Gb-convergent in (X,G).

Definition 1.11. A Gb-metric space (X,G) is said to be a compact Gb-metric space if it is Gb-complete
and Gb-totally bounded.
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2. Main results

Now, in this paper, we introduce (β,α)-implicit contractive and prove our first new results in two
complete Gb-metric spaces.

Definition 2.1. Let π be the set of all upper semi-continuous function in each variable h(r1, r2, r3, r4, r5) :
R5

+ → R satisfying:

(π1) h is non-decreasing in variable r1 and non-increasing in variables r3, r4, r5;
(π2) if either h(µ,ν, 0,µ, 2δν) 6 0 or h(µ,ν,µ, 0, 0) 6 0 for all µ, v > 0, then µ 6 1

4δ3 v.

Example 2.2. h(r1, r2, r3, r4, r5) = r1 −
1

4δ3 max(r2, r3, r4, 1
2δr5).

Example 2.3. h(r1, r2, r3, r4, r5) = r1 −
1

2δ3 r2 +
1

2δ3 max(2δ3r3, 2δ3r4, 1
2δr5).

Example 2.4. h(r1, r2, r3, r4, r5) = r1 −
1

4δ3 r2 + r3 + r4 −
1

8δ4 r5.

Definition 2.5. Let ϕ : X −→ Y, ψ : Y −→X be a mappings and α: X× X → [0,∞), β : Y × Y→ [0,∞).

We say that ψϕ : X → X is an α-admissible if x1,x2 ∈ X, α(x1, x2) > 1 =⇒ α(ψϕ(x1),ψϕ(x2)) > 1 and
ϕψ : Y → Y is an β-admissible if y1,y2 ∈ Y, β(y1,y2) > 1 =⇒ β(ϕψ(y1),ϕψ(y2)) > 1.

Definition 2.6. Let (X,G1) and (Y,G2) be complete Gb-metric spaces, ϕ: X −→ Y, ψ :Y −→X be two given
mappings and α: X × X → [0,∞), β : Y × Y→ [0,∞). The pair (ϕ,ψ) is said to be an (β,α)-implicit

contractive pair of mappings whenever there exists h,g ∈ π such that

h(β(s1,ϕψs1)G2(ϕt,ϕψs1,ϕψs2),G1(t,ψs1,ψs2),G2(s1, s2,ϕt),G2(s1,ϕψs1,ϕψs2),G1(t, t,ψϕt)) 6 0, (2.1)
g(α(t,ψϕt)G1(ψs1,ψs2,ψϕt),G2(s1, s2,ϕt),G1(t,ψs1,ψs2),G1(t, t,ψϕt),G2(s1,ϕψs1,ϕψs2)) 6 0, (2.2)

for all t ∈ X , s1, s2 ∈ Y.

Theorem 2.7. Let (X,G1) and (Y,G2) be complete Gb- metric spaces, and ϕ: X −→ Y, ψ :Y −→X be an (β,α)-
implicit contractive mappings. Suppose that:

(i) ϕψ is an β-admissible and ψϕ is an α-admissible;
(ii) there exists x0 ∈ X and y0 ∈ Y such that α(x0,ψϕ(x0)) > 1,β(y0,ϕψ(y0)) > 1;

(iii) α(x, x)) > 1, β(y,y) > 1, x ∈ X,y ∈ Y.

Then ψϕ, ϕψ have a unique fixed points ξ in X and q in Y, respectively. Further ϕξ = q and ψq = ξ.

Proof. Define two sequences (tn) in X, and (sn) in Y, by tn = (ψϕ)nt, sn = ϕ(ψϕ)n−1t, for n =
1, 2, . . . , t ∈ X. Suppose that tn 6= tn+1 and sn 6= sn+1, for all n. Applying (2.1), we have

h(β(sn,ϕψsn)G2(ϕtn−1,ϕψsn,ϕψsn),G1(tn−1,ψsn,ψsn),G2(sn, sn,ϕtn−1),
G2(sn,ϕψsn,ϕψsn),G1(tn−1, tn−1, tn)) 6 0,

h(β(sn, sn+1)G2(sn, sn+1, sn+1),G1(tn−1, tn, tn), 0,G2(sn, sn+1, sn+1),
G1(tn, tn−1, tn−1)) 6 0.

By using the conditions (i) and (ii), we deduce that β(s0, s1) = β(s0,ϕψ(s0)) > 1 =⇒ β(ϕψ(s0),ϕψ(s1)) =
β(s1, s2) > 1. By iterating the process, we get β(sn,sn+1) > 1, and α(t0, t1) = α(t0,ψϕ(t0)) > 1 =⇒
α(ψϕ(t0),ψϕ(t1)) = α(t1, t2) > 1. By iterating the process, we get α(tn,tn+1) > 1.

Applying (π1), (π2) we have

h(G2(sn, sn+1, sn+1),G1(tn−1, tn, tn), 0,G2(sn, sn+1, sn+1), 2δG1(tn−1, tn, tn)) 6 0,

G2(sn, sn+1, sn+1) 6
1

4δ3G1(tn−1, tn, tn).
(2.3)
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Similarly, applying the inequality (2.2),

g(α(tn,ψϕtn)G1(ψsn,ψsn,ψϕtn),G2(sn, sn,ϕtn),G1(tn,ψsn,ψsn),
G1(tn, tn, tn+1),G2(sn,ϕψsn,ϕψsn)) 6 0,
g(α(tn, tn+1)G1(tn, tn, tn+1),G2(sn, sn, sn+1),G1(tn, tn, tn),G1(tn, tn, tn+1),G2(sn, sn+1, sn+1)) 6 0,
g(α(tn, tn+1)G1(tn, tn, tn+1),G2(sn, sn, sn+1),G1(tn, tn, tn),G1(tn, tn, tn+1), 2δG2(sn, sn, sn+1)) 6 0

and using the property (π1), (π2), we have

g(G1(tn, tn, tn+1),G2(sn, sn, sn+1), 0,G1(tn, tn, tn+1), 2δG2(sn, sn, sn+1)) 6 0,

G1(tn, tn, tn+1) 6
1

4δ3G2(sn, sn, sn+1).
(2.4)

Using Proposition 1.4, we get,

1
2δ
G1(tn, tn+1, tn+1) 6 G1(tn+1, tn, tn) = G1(tn, tn, tn+1), (2.5)

and
G2(sn, sn, sn+1) = G2(sn+1, sn, sn) 6 2δG2(sn, sn+1, sn+1). (2.6)

From (2.5), (2.6), and (2.4), we obtain

G1(tn, tn+1, tn+1) 6
1
δ
G2(sn, sn+1, sn+1). (2.7)

Now it follows from the inequalities (2.3) and (2.7) that

G1(tn, tn+1, tn+1) 6
1

4δ4G1(tn−1, tn, tn).

Hence, by induction we get

G1(tn, tn+1, tn+1) 6 (
1

4δ4 )
nG1(t, t1, t1),n = 1, 2, . . . .

Hence, lim
n−→∞G1(tn, tn+1, tn+1) = 0. Put κ = 1

4δ4 , for any p∈N+, we get

G1(tn, tn+p, tn+p) 6 δG1(tn, tn+1, tn+1) + δ
2G1(tn+1, tn+2, tn+2) + · · ·+ δp−1G1(tn+p−1, tn+p, tn+p)

6 δκnG1(t, t1, t1) + δ
2κn+1G1(t, t1, t1) + · · ·+ δpκn+p−1G1(t, t1, t1)

= δκn(1 + δκ+ · · ·+ δp−1κp−1)G1(t, t1, t1)

= δκn(
1 − (δκ)p

1 − δκ
)G1(t, t1, t1).

Since δκn < 1, we have lim
n−→∞G1(tn, tn+p, tn+p) = 0, this due to lim

n−→∞G1(tn, tm, tm) = 0, follows that tn
and sn are Gb-Cauchy sequences with limits ξ in X and q in Y. Using the inequality (2.1), we have

h(β(sn,ϕψsn)G2(ϕtn,ϕψsn−1,ϕψsn−1),G1(tn,ψsn−1,ψsn−1),G2(sn−1, sn−1,ϕtn),
G2(sn−1,ϕψsn−1,ϕψsn−1),G1(tn−1, tn−1,ψϕtn−1)) 6 0,

h(β(sn,sn+1)G2(ϕtn, sn, sn),G1(tn, tn−1, tn−1),G2(sn−1, sn−1,ϕtn),G2(sn−1, sn, sn),G1(tn−1, tn−1, tn)) 6 0

Taking n tend to ∞, we have

h(β(q,q)G2(ϕξ,q,q), 0,G2(q,q,ϕξ), 0, 0) 6 0,
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by the condition(iii), we get h(G2(ϕξ,q,q), 0,G2(q,q,ϕξ), 0, 0) 6 0, hence q = ϕξ. Using the inequality
(2.2), we have

g(α(tn, ψϕtn)G1(ψsn,ψsn,ψϕtn−1),G2(sn, sn,ϕtn−1),G1(tn−1,ψsn,ψsn),
G1(tn−1, tn−1,ψϕtn−1),G2(sn−1,ϕψsn−1,ϕψsn−1)) 6 0,

g(α(tn, tn+1)G1(ψsn,ψsn, tn),G2(sn, sn,ϕtn−1),G1(tn−1,ψsn,ψsn),
G1(tn−1, tn−1, tn),G2(sn−1, sn, sn)) 6 0.

Taking n tend to ∞, we obtain

g(G1(ψq,ψq, ξ), 0,G1(ξ,ψq,ψq), 0, 0) 6 0,

we get ξ = ψq. Thus ψϕξ = ψq = ξ, ϕψq = ϕξ = q, and so ψϕ has a fixed point ξ and ϕψ has a fixed
point q.

Suppose that ψϕ has a another fixed point ξ1 and ϕψ has a another fixed point q1. We apply (2.1),
(iii) and using the property (π2), we get

h(β(q1,ϕψq1)G2(ϕξ,ϕψq1,ϕψq1),G1(ξ,ψq1,ψq1),G2(q1,q1,ϕξ),
G2(q1,ϕψq1,ϕψq1),G1(ψq,ψq,ψϕψq)) 6 0,

h(β(q1,q1)G2(ϕψq,ϕψq1,ϕψq1),G1(ξ,ψq1,ψq1),G2(q1,q1,ϕξ),
G2(q1,ϕψq1,ϕψq1),G1(ψq,ψq,ψϕψq)) 6 0,

h(G2(q,q1,q1),G1(ψq,ψq1,ψq1),G2(q1,q1,q), 0, 0) 6 0,

from which it easy to see that

G2(q,q1,q1) 6
1

4δ3G1(ψq,ψq1,ψq1). (2.8)

We apply the inequality (2.2) and (iii), we obtain

g(α(ψq1,ψϕψq1)G1(ψϕψq,ψϕψq,ψϕψq1),G2(ϕψq,ϕψq,ϕψq1),
G1(ψq1,ψϕψq,ψϕψq),G1(ψq,ψq,ψϕψq),G2(q1,ϕψq1,ϕψq1)) 6 0,

g(α(ψq1,ψq1)G1(ψq,ψq,ψq1),G2(q,q,q1),G1(ψq1,ψq,ψq), 0, 0) 6 0,
g(G1(ψq,ψq,ψq1),G2(q,q,q1),G1(ψq1,ψq,ψq), 0, 0) 6 0,

which implies that

G1(ψq,ψq,ψq1) 6
1

4δ3G2(q,q,q1).

Again by using the proposition1.4, we get,

1
2δ
G1(ψq,ψq1,ψq1) 6 G1(ψq,ψq,ψq1) 6

1
4δ3G2(q,q,q1) 6

1
2δ3G2(q,q1,q1),

G1(ψq,ψq1,ψq1) 6
1
δ2G2(q,q1,q1).

(2.9)

Now it follows from the inequalities (2.8) and (2.9) that

G2(q,q1,q1) 6
1

4δ3G1(ψq,ψq1,ψq1) <
1

4δ5G2(q,q1,q1) < G2(q,q1,q1)

and so q = q1 since 1
4δ5 < 1. Now ϕψξ1 = ξ1 implies ϕψϕξ1 = ϕξ1 and so ϕξ1 = q. Thus ξ = ψϕξ =

ψq = ψϕξ1 = ξ1.
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Corollary 2.8. Let (X,G1) and (Y,G2) be complete Gb-metric spaces, and ϕ: X −→ Y, ψ :Y −→X be a mappings.
Suppose that there exists a functions α: X×X→ [0,∞), β : Y × Y→ [0,∞), such that

β(s1,ϕψs1)G2(ϕt,ϕψs1,ϕψs2) 6
1

4δ3 max(G1(t,ψs1,ψs2),G2(s1, s2,ϕt ),

G2(s1,ϕψs1,ϕψs2),
1

2δ
G1(t, t,ψϕt))

α(t,ψϕt)G1(ψs1,ψs2,ψϕt ) 6
1

4δ3 maxG2(s1, s2,ϕt),

G1(t,ψs1,ψs2),G1(t, t,ψϕt),
1

2δ
G2(s1,ϕψs1,ϕψs2))

for all t ∈ X , s1, s2 ∈ Y. Suppose also that:

(i) ϕψ is an β-admissible and ψϕ is an α-admissible;
(ii) there exists x0 ∈ X and y0 ∈ Y such that α(x0,ψϕ(x0)) > 1,β(y0,ϕψ(y0)) > 1;

(iii) α(x, x)) > 1, β(y,y) > 1, x ∈ X,y ∈ Y.

Then ψϕ and ϕψ have a unique fixed points ξ in X and q in Y, respectively. Further ϕξ = q and ψq = ξ.

We prove an analogous results for compact Gb-metric spaces.

Definition 2.9. Let π∗ be the set of all upper semi-continuous function in each variable h(r1, r2, r3, r4, r5) :
R5

+ → R satisfying:

(π∗1) h is non-decreasing in variable r1 and non-increasing in variables r3,r4, r5;
(π∗2) if either h(µ,ν, 0,µ, 2δν) < 0 or h(µ,ν,µ, 0, 0) < 0 for all µ, v > 0, then µ < 1

2δv.

Definition 2.10. Let (X,G1) and (Y,G2) be compact Gb-metric spaces, ϕ: X −→ Y, ψ :Y −→X be two
given mappings and α: X×X→ [0,∞), β : Y × Y→ [0,∞). The pair (ϕ,ψ) is said to be an (β,α)-implicit

contractive pair of mappings whenever there exists h,g ∈ π∗ such that

h(β(s1,ϕψs1)G2( ϕt,ϕψs1,ϕψs2),G1(t, ψs1, ψs2),G2(s1, s2,ϕt),G2(s1,ϕψs1,ϕψs2),G1(t,t, ψϕt)) < 0 , (2.10)
g(α(t, ψϕt)G1( ψs1,ψs2, ψϕt), G2(s1, s2,ϕt),G1(t, ψs1, ψ s2),G1(t,t, ψϕt),G2(s1,ϕψs1,ϕψs2)) < 0 (2.11)

for all t ∈ X , s1, s2 ∈ Y.

Theorem 2.11. Let (X,G1) and (Y,G2) be compact Gb-metric spaces, and ϕ: X −→ Y, ψ :Y −→X be an (β,α)-
implicit contractive continuous mappings satisfying the conditions:

(i) ϕψ is an β-admissible and ψϕis an α-admissible;
(ii) there exists x0 ∈ X and y0 ∈ Y such that α(x0,ψϕ(x0)) > 1,β(y0,ϕψ(y0)) > 1;

(iii) α(x, x) > 1, β(y,y) > 1, x ∈ X,y ∈ Y.

Then ψϕ has a unique fixed point ξ1 in X and ϕψ has a unique fixed point q in Y. Further, ϕξ1 = q and ψq = ξ1.

Proof. Let ω : X → R+ defined by ω(t) = G1(t,ψϕt,ψϕt) is Gb-continuous on X. Since X is compact,
there exists a point ξ in X such that

ω(ξ) = G1(ξ,ψϕξ,ψϕξ) = min{G1(t,ψϕt,ψϕt); t ∈ X}.

Suppose that ϕξ 6= ϕψϕξ. Then ξ 6= ψϕξ. Put s1 = s2 = ϕξ, t = ψs = ψϕξ in (2.11), we get

g(α(ψϕξ,ψϕψϕξ)G1(ψϕξ,ψϕξ,ψϕψϕξ),G2( ϕξ,ϕξ,ϕψϕξ),G1(ψϕξ,ψϕξ,ψϕξ),
G1(ψϕξ,ψϕξ,ψϕψϕξ),G2(ϕξ,ϕψϕξ,ϕψϕξ)) < 0,
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g(α(ψϕξ,ψϕψϕξ)G1(ψϕξ,ψϕξ,ψϕψϕξ),G2( ϕξ,ϕξ,ϕψϕξ), 0,
G1(ψϕξ,ψϕξ,ψϕψϕξ), 2δG2(ϕξ,ϕξ,ϕψϕξ) < 0.

By using the condition (i) and (ii), we obtain α(ξ, ψϕξ) > 1 =⇒ α(ψϕξ,ψϕψϕξ) > 1, and using
(π∗1),(π∗2), we get

G1(ψϕξ,ψϕξ,ψϕψϕξ ) <
1

2δ
G2(ϕξ,ϕξ,ϕψϕξ). (2.12)

Using Proposition 1.4 and (2.12), we get

G2(ϕψϕξ,ϕξ,ϕξ) 6 2δG2(ϕξ,ϕψϕξ,ϕψϕξ), G1(ψϕξ,ψϕξ,ψϕψϕξ) < G2(ϕξ,ϕψϕξ,ϕψϕξ). (2.13)

Putting s1 = s2 = ϕξ, t = ξ in (2.10), we have

h(β(ϕξ,ϕψϕξ)G2(ϕξ,ϕψϕξ,ϕψϕξ),G1(ξ,ψϕξ,ψϕξ),G2(ϕξ,ϕξ,ϕξ),
G2(ϕξ,ϕψϕξ,ϕψϕξ),G1(ξ, ξ,ψϕξ)) < 0,

h(β(ϕξ,ϕψϕξ)G2(ϕξ,ϕψϕξ,ϕψϕξ),G1(ξ,ψϕξ,ψϕξ), 0,G2(ϕξ,ϕψϕξ,ϕψϕξ),
2δG1(ξ,ψϕξ,ψϕξ)) < 0.

Applying conditions (i) and (ii), put x0 = ϕξ, β( ϕξ,ϕψϕξ ) > 1, and using (π∗1),(π∗2), we obtain

G2(ϕξ, ϕψϕξ,ϕψϕξ) <
1

2δ
G1(ξ, ψϕξ,ψϕξ). (2.14)

From (2.13) and (2.14), we obtain

G1(ψϕξ,ψϕξ,ψϕψϕξ ) <
1

2δ
G1(ξ,ψϕξ,ψϕξ),

1
2δ
G1(ψϕξ,ψϕψϕξ,ψϕψϕξ) 6 G1(ψϕψϕξ,ψϕξ,ψϕξ),

1
2δ
G1(ψϕξ,ψϕψϕξ,ψϕψϕξ) <

1
2δ
G1(ξ, ψϕξ,ψϕξ).

Hence $(ψϕξ) < ω(ξ), and we have a contradiction. So ϕψϕξ = ϕξ. If ϕξ = q and ψq = ξ1, then we
have ψϕ(ψϕξ) = ψ(ϕψϕξ) = ψϕξ = ψq = ξ1, and q = ϕξ = ϕψ(ϕξ) = ϕ(ψϕξ) = ϕξ1. Then ψq = ξ1
is a fixed point of ψϕ and ϕξ1 = q is a fixed point of ϕψ.

Suppose that ψϕ has a another fixed point ξ2. Then applying (2.11), we have,

g(α(ξ2,ψϕξ2)G1(ψϕξ1,ψϕξ1,ψϕξ2),G2(ϕξ1,ϕξ1,ϕξ2),G1(ξ2, ξ1, ξ1),
G1(ξ2, ξ2,ψϕξ2),G2(ϕξ2,ϕψϕξ2,ϕψϕξ2)) < 0,

g(α(ξ2,ψϕξ2)G1(ξ1, ξ1, ξ2),G2(ϕξ1,ϕξ1,ϕξ2) ,G1(ξ2, ξ1, ξ1),
G1(ξ2, ξ2,ψϕξ2),G2(ϕξ2, ϕξ1,ϕξ1)) < 0,

g(α(ξ2, ξ2)G1(ξ1, ξ1, ξ2) ,G2(ϕξ1,ϕξ1,ϕξ2),G1(ξ2, ξ1, ξ1), 0, 2δG2(ϕξ1,ϕξ2,ϕξ2)) < 0.

Applying condition (iii) and using (π∗1),(π∗2), we obtain

G1(ξ1, ξ1, ξ2) <
1

2δ
G2(ϕξ1,ϕξ1,ϕξ2). (2.15)

Using (2.10) we have,

h(β(ϕξ2,ϕψϕξ2)G2( ϕξ1,ϕψϕξ2,ϕψϕξ2),G1(ξ1,ψϕξ2,ψϕξ2),
G2(ϕξ2,ϕξ2,ϕξ1),G2(ϕξ2,ϕψϕξ2,ϕψϕξ2),G1(ξ2, ξ2,ψϕξ2)) < 0,

h(β(ϕξ2,ϕψϕξ2)G2(ϕξ1,ϕξ2,ϕξ2),G1(ξ1, ξ2, ξ2),G2(ϕξ2,ϕξ2,ϕξ1), 0, 0) < 0,
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and it follows that

G2(ϕξ1,ϕξ2,ϕξ2) <
1

2δ
G1(ξ1, ξ2, ξ2),

1
2δ
G2(ϕξ2,ϕξ1,ϕξ1) 6 G2(ϕξ1ϕξ2,ϕξ2) <

1
2δ
G1(ξ1,ξ2, ξ2). (2.16)

From (2.15) and (2.16), it follows that

G1(ξ1, ξ1, ξ2) <
1

2δ
G1(ξ1, ξ2, ξ2) 6

1
2δ

2δG1(ξ1, ξ1, ξ2),

which gives a contradiction and so the fixed point ξ1 must be unique. Similarly, q is the unique fixed
point of ϕψ.

Corollary 2.12. Let (X,G1) and (Y,G2) be compact Gb-metric spaces, and ϕ: X −→ Y, ψ :Y −→X be a continuous
mappings. Suppose that there exists a functions α : X×X→ [0,∞), β : Y × Y→ [0,∞), such that

β(s1,ϕψs1)G2(ϕt,ϕψs1,ϕψs2) <
1

2δ
max(G1(t,ψs1,ψs2),G2(s1, s2,ϕt),

G2(s1,ϕψs1,ϕψs2),
1

2δ
G1(t, t,ψϕt)),

α(t,ψϕt)G1(ψs1,ψs2,ψϕt) <
1

2δ
maxG2(s1, s2,ϕt),G1(t,ψs1,ψs2),

G1(t, t,ψϕt),
1

2δ
G2(s1,ϕψs1,ϕψs2))

for all t ∈ X , s1, s2 ∈ Y. Suppose also that:

(i) ϕψ is an β-admissible and ψϕ is an α-admissible;
(ii) there exists x0 ∈ X and y0 ∈ Y such that α(x0,ψϕ(x0)) > 1,β(y0,ϕψ(y0)) > 1;

(iii) α(x, x)) > 1, β(y,y) > 1, x ∈ X,y ∈ Y.

Then ψϕ has a unique fixed point ξ in X and ϕψ has a unique fixed point q in Y, furthermore ϕξ = q and ψq = ξ.
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