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Abstract

A new generalized family of models called the Exponentiated Half Logistic Odd Lindley-G (EHLOL-G) distribution is
developed and presented. Some explicit expressions for the structural properties including moments, conditional moments,
mean and median deviations, distribution of the order statistics, probability weighted moments and Rényi entropy are derived.
We applied the maximum likelihood estimation technique to estimate the parameters of the model and a simulation study is
conducted to examine the efficiency of the maximum likelihood estimators. The special case of the EHLOL-Weibull (EHLOL-W)
distribution is fitted to two real data sets.

Keywords: Generalized-G distribution, exponentiated distribution, half logistic distribution, odd-lindley distribution,
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1. Introduction

The density function of the Half Logistic (HL) distribution does not possess many desirable properties
for data modeling ([2]). The fact that most real data exhibits non-monotonic hazard rate function shapes
act as a limitation to the applicability of the HL distribution in data modeling. Recently, some researchers
have generalized the HL distribution and this include work by [2, 6, 7, 9].

In this note, we propose a new flexible family of distributions called the Exponentiated Half Logistic
Odd Lindley-G (EHLOL-G) distribution using the exponentiated HL distribution as the generator and
study its mathematical properties. By so doing, we will improve the flexibility of the exponentiated HL
distribution and the baseline distribution.

The results in this note are organized in the following manner. Section 2 contain the EHLOL-G fam-
ily of distributions and its sub-models, hazard rate function, quantile function, series expansion of the
density function and some special cases of the EHLOL-G family of distributions. In Section 3, moments,
generating function and incomplete moments are given. Section 4 contains results on the distribution of
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order statistics, probability weighted moments and Rényi entropy. Presented in Section 5 is the the esti-
mation of the parameters of the EHLOL-G family of distributions via the method of maximum likelihood,
followed by a Monte Carlo simulation study to examine the bias and mean square error of the maximum
likelihood estimators in Section 6. Some applications to real data sets are given in Section 7, followed by
some concluding remarks in Section 8.

2. The exponentiated half-logistic odd lindley-G distribution

In this section, we derive some of the statistical properties of the Exponentiated Half-Logistic Odd
Lindley-G (EHLOL-G) family of distributions including special cases, expansion of the density, hazard
rate function and quantile function.

2.1. The model

The Odd-Lindley-G family of distributions was developed by [10] and its cumulative distribution
function (cdf) is given by

where G(x; ¢) is the baseline cdf. [6] developed the type I half-logistic (TIHL) family of distributions with
the cdf

where A > 0, is the shape parameter. If A = 1, we have

F(x; Q) = HG(GXESC), where G(x;¢) =1—G(x; Q).

The cdf and pdf of the new exponentiated half-logistic Odd Lindley-G (EHLOL-G) family of distributions
are, respectively given by

A+G(x;0) —AG(x;8)
1= S oup [0 |
FenroL-G(x A, &, &) = A8 0o St (2.1)
= 14 M (%) exp [—AG(X;Q}
(1+A)G (x;¢) G(x;Q)
and
exp [—?\G(xg} {1 MG (x0) exp [—?\G(XQ} }ocﬂ
G(x;C 1+A)G(x;C G(x;C
ferroL—c(6 A, & ¢) = 20029 (x; &) i Lraje e e L, (22)
(108 (6 Of 1+ AEEXEL exp [ SO 1®
'S MG P [ TGxio)
where g(x; () = dGé;(’Q ,A >0, a > 0and ¢ is the vector of parameters for the baseline cdf G. If a random

variable X has the EHLOL-G family of distributions, we write X ~ EHLOL — G(A, «, {).

2.2. Hazard rate and quantile functions

The hazard rate and quantile functions of the EHLOL-G family of distributions are presented in this
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section. The hazard rate function (hrf) is given by

—AG(x;0) . A+G(x;0) —AG(x;0) a1
h(x) = 200 %g(x )eXp[ cine {1~ Trarci P [ )
’ =3, A+G (x;0) —AG(x;0) o+1
(NG 0 O{1+ iareron P [ Gnoo |}
A +G(x;0) “AG(%0) |\ aq —1
x [1_{1 TonG e P | G }} ]
A+G (x;0) —AG(x;0)
1+ (1+M) G (x;0) eXp[ G(x;0) }
The quantile function Q(u) is obtained by solving the non-linear equation
A+1—-G(Q(u)) AG(Q(u)) o
. Q) = 1 (1+A)(1fG(Q(u)>)eXP[1 G(Q(u))] .
EHLOL—G 14 ALGQM) [ G(Q(u))] !
A I-6(Qu) PP [ T-G(Qw)

0 <u<1,so that,
A+1—G(Q) G(Q) 7 ux—1
TA+N(I-GQ) TP [_Al—G(Q(u))} - '

By multiplying both sides of the above equation by exp[—(1 + A)] and (1 + A), we obtain
1
a—1)(1+A
(u Ja+x) expl—(1+A).

A+1-G(Q(w) exp [_7\+1—G(Q(u))} _
1—-G(Q(w) 1-G(Q(u)) uw +1
1
ATLGQMW) j¢ 5 Tambert W function of the real argument %ﬂim exp[—(1+A)].
uo +

It can be seen that — T—G(Q(uw))

The Lambert W function is defined by
W(x)eWr =,

which has 2 real branches with a branching point located at (—e~1,1). The lower branch, W_;(x), is
defined in the interval [—e!,1] and has a negative singularity for x — 0~. The upper branch, W;(x), is

defined for x € [—e !, 00]. Thus, we have
(2.3)

L a—
1—G(Q(u))

1
ux —1)(1+A
[( i I ) exp[—(1+A)]
ux +1

1
For any A > 0 and u € (0,1), we have [1 + 176()(‘2“”)} > 1 and (uau_%l)ﬁw‘) exp[—(1+A)] < 0, we can
write equation (2.3) as
A
S | S—
1+ 1— G(Q(u))}

)

W [(u(x _11)(1 +A) exp[—(1+A)]

ux +1

Thus, the quantile function is given by,
1
a—1)(1+A

1+W_, [(u - J1+A) exp[—(1+A)]

ux 41

Q(u):Gl{1+7\
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2.3. Expansion of density

Let
A+G(x Q) “AG(x; Q)7 a1
Y:{l_(lwx)(sx(x,c) eXp[ x;xc) ”
and
A+GG0  [-AG(GL)]y —at
2={1+ T veteg ™ Tmo I

Sy ((TN[AHSEO P GO
Y_,;)H)]( j >[(1+A)G(X;C)} exp | Gl 0) ] (2.4)
and
3 (FXm D[ AEO i NGO
Z_§< i >[(1+?\)G(x;C)} eXp{ S0 ] (2.5)

Putting together equations (2.4) and (2.5) in equation (2.2) we obtained

f(x) =

200°9(x%;6) o -<cx—1) (—cx—l) A+G(x; Q) 7+ “AG+i+1)G(x; Q)
o 9N 2l 1) AT AWM S) i
(1+NG (% Q) j,iz_o( " i [( : )] o | G(x; Q)

By applying the binomial expansion

i+t
s =3 (TG,
q=0

and the exponential series expansion, one can write the EHLOG-G pdf as

s jti s o
(=1 RN R L4 1% (e — 1) [—a—1
f(x) =2ag(s0) ) D K!(1+A)i+it ( j >< i >

j i k=0q=0 (2.6)
% <J —gl> G(X;g)ké(x;g)f(k+q+3)‘
We apply the following generalized binomial series expansion
(1—2z)7P = Z(—l)l(_1p>zl for |z|<1 and p >0, (2.7)

1=0

to express equation (2.6) as

o i A+ kHInj+itk+205 4 Kk
B _ (—1)i+k+1A) GHit1)*foa—1)/—a—1
f(X) = ZOCQ(X,Q ] i;_oq_o k'(]. +}\)]+1+1 ] i

y <j ‘(:1> <—(k—|—1q +3)> Gx; 0)FFL,
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Consequently, we can write

X)= ) agthigre(x), (2.8)
k,1=0
where
0 ]H )ik R _ DV SN
i+ fa—1 a—1\/j+1i (k+q+3)
-2 E E :
el “)1 e KONk L) ( j i q l o @)

and hy141(x) = (k+1+1)g(x; Q) G(x, Q) *! is the Exp-G density with power parameter (k+1+1). Other
several mathematical properties of the EHLOL-G family can be obtained from the properties of the Exp-G
family.

2.4. Some sub-families of EHLOL-G family of distributions
Here we consider some sub-families of the EHLOL-G family of distributions.

e If x =1, we obtain a new Half Logistic Odd Lindley-G family of distributions with pdf

2A2g(x; &) ) exp { < z)g }
f — = .
HLOL-G(X) = NG C){ TSI [ )\G(Xé)]}z
1o P S0

e If A =1, we obtain a new family of distributions with the pdf

foEHL—G(X) =

o If x =1 and A =1, we obtain a new family of distributions with pdf

g(x; Q) exp [_EG((XXE%)}

- = e 2"
GS(X,’ C){l 4 6 T’Q exp [ EG(LXCE))}}

2.5. Some special cases

Some special cases of the EHLOL-G family of distributions are presented in this section, cases when
the baseline distribution function G(x; () are Weibull, Uniform, Kumaraswamy and Fréchet distributions,
respectively. Plots of the pdf, and hrf are also presented.

2.5.1. EHLOL-Weibull distribution
Suppose the baseline distribution is the Weibull distribution with cdf and pdf given by G(x;a,b) =

1—e /P) and g(x;a,b) = ab *x2 e~ /®)* for a,b > 0 and x > 0, then, the EHLOL-Weibull
(EHLOL-W) distribution has cdf and pdf given by

Afe—(x/D)¢ —A(1—e—(x/0)%) -
1- (1+A)e /oe EXP e—(x/b]@
14 Ate- (x/b)@ [—A(l—e*(x/b)a)}

Fenror—w(x) = {
(A+A)e /o P
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and
feEnLoL—w(x) = 20A%ab9x T~ (x/b)*
exp [ L 1 ae b e [Ale L
" ,
(LM /{14 et exp [ ™|}
respectively.
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Figure 1: Plots of EHLOL-W density function.

Figures 1 and 2 show the plots of the density function and the hazard rate function of the EHLOL-
W distribution, respectively. The pdf of the EHLOL-W distribution can take various shapes including
the reverse J, uni-modal, almost symmetric, left skewed and right skewed. The plots of the hrf of the
EHLOL-W distribution exhibits decreasing, increasing and bathtub shapes.
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Figure 2: Plots of EHLOL-W hazard rate function.

2.5.2. EHLOL-Uniform distribution

Let the Uniform distribution with cdf and pdf given by G(x;0) = % and g(x;0) = § for 0 <x < 0 < 00
be the baseline distribution. Then, the EHLOL-Uniform (EHLOL-U) distribution has cdf and pdf given
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by

and

fEHLOL—Uu(X) =

A+(1-%) —A
; B L= gy exp [9(1*%)} .
EHLOL—Uu(X) = 1. A03) “Ax
t a5 &P [9(1—%)}
_a A-(1-3) A .
2a\2 €Xp [9(17:%)] {1 - (1+>\)(1E%) p [9(1:(%)}}
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Figure 3: Plots of EHLOL-U density function.

Figures 3 and 4 show the plots of the pdf and hrf of the EHLOL-U distribution for different parameter
values. The plots revealed that the pdf can take various shapes including the uni-modal, left skewed and
right skewed. The hrf of the EHLOL-U distribution has increasing and bathtub shapes.
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Figure 4: Plots of EHLOL-U hazard rate function.

2.5.3. EHLOL-Kumaraswamy distribution

Suppose the cdf and pdf of the baseline distribution are given by G(x;a,b) = 1 — (1 —x)

b

and
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g(x;a,b) = abx® (1 —x%)*~! for a,b > 0 and x > 0. Then, the EHLOL-Kumaraswamy (EHLOL-Kum)
distribution has cdf and pdf given by

A+(1—x9)P “A(I-(1—x)®) T\ «
. (x) = 1_(1+)\)(1*Xa)bexp[ (I—x%)° }
FHEOLARum M= L Araxe [77\(17(17xa)b)}
(1+A)(1—xa)p P (1—xa)b
and

fEHLOL_Kum (%) = 20A?abx @1 (1 —x2)P~!

—A(1—(1—x%)®) A+(1—x%)® A= (1—x)®) ] * !
y €xp [ (I—xa)b ]{1 ~ A a—xa)p P [ (I—xa)b ]}
a3 A (1—x2)b —A(1—(1—xa)b) ] *F!
(1M1 —x@)0 {1+ FEIE exp [AUORUR]
Figure 5 shows the plots of the EHLOL-Kum distribution for different parameter values. The pdf can take
various shapes including reverse ], uni-modal, left skewed and right skewed.
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Figure 6: Plots of EHLOL-Kum hazard rate function.

Figure 6 shows the plots of the hrf of the EHLOL-Kum distribution for different parameter values
Graphs of the hrf exhibits increasing and bathtub shapes.

2.5.4. EHLOL-Fréchet Distribution
Using the Frétchet distribution with cdf and pdf given by G(x;a,b) = exp [—(%)b] and g(x;a,b) =
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babx~(®+ exp[—(£)®] for a,b > 0 as a baseline distribution, we get the EHLOL-Fréchet (EHLOL-Fr)
distribution with cdf and pdf given by

and

FEHLOL—Fr(X) = {

fEHLOL—Fr(X) =

1+

(14+A) (1—exp!

e o

G

1—exp[—

A+ (—expl—(£2)°)) {—AeXp[—(%)b}] x
L= R a—ep= (=757 &P | Toep=(275])
A+ (1—exp[—(2)P]) Aexpl—(%

_ _(4)b
200%babx~ (0D exp[—(2)P] exp [M}

(1+A)(1—exp[—(£)P])?
A t+(—exp[—(£)*]) —Aexp[—(2)b) %!
X{l (T+A) (1—expl— (%)b})exp{(1—eXp[—(%]b])]}
A+ (1—expl—(£)P]) “Aexp[—(2)b] T+
{“ (M) (—exp[—(2)p]) XP {(1*@(}3[*(%)1’])]}

Figure 7 shows the plots of the EHLOL-Fr distribution for different parameter values. The pdf can take
various shapes including reverse ], uni-modal, left skewed and right skewed.
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Figure 8: Plots of EHLOL-Fr hazard rate function.



W. Sengweni, B. Oluyede, B. Makubate, J. Nonlinear Sci. Appl., 14 (2021), 287-309 296

Figure 8 shows the plots of the hrf of the EHLOL-Fr distribution for different parameter values. Graphs
of the hazard rate function exhibits decreasing, increasing and upside-down bathtub shapes.

Table 1 shows some random numbers that are generated from the EHLOL-W distribution for selected
parameter values.

Table 1: Table of quantiles for selected parameter values of the EHLOL-W distribution.

(A, o, a,b)
u (08,08,0.7,05) (2.0,25,09,05) (05,20,15,1.5) (09,5.0,1.8,0.5) (0.8,4.5,1.6,0.4)
0.1 0.0722 0.2117 1.7522 0.5685 0.4744
0.2 0.1882 0.2761 1.9609 0.6011 0.5060
0.3 0.3081 0.3250 2.0959 0.6236 0.5276
0.4 0.4256 0.3679 2.2024 0.6422 0.5455
0.5 0.5417 0.4090 2.2957 0.6593 0.5619
0.6 0.6597 0.4508 2.3838 0.6759 0.5779
0.7 0.7853 0.4962 2.4732 0.6936 0.5948
0.8 0.9298 0.5504 2.5729 0.7138 0.6142
0.9 1.1249 0.6272 2.7036 0.7416 0.6408

3. Moments and incomplete moments

In this section, moments, moment generating function and incomplete moments are presented.

3.1. Moments and generating function

Let Ty 141, denote the Exp-G random variable with power parameter k 4+ 1+ 1. Then the rth raw
moment of X, say .. follows from equation (2.8) as

]
w. =E(X") = Z ai BT 141),
k,1=0

where ay | is as given in equation (2.9).
The moment generating function (mgf) Mx(t) = E(e'X) of X can be derived from equation (2.8) and
is given by

Mx(t) = Y aiMiciiia(t),
K1=0

where My 141(t) is the mgf of Tyy141. Hence, Mx(t) can be determined from the Exp-G generating
function.

A table of moments for some selected parameters values of the special case, the EHLOL-Weibull
distribution is given in Table 2.

3.2. Incomplete moments
Conditional and incomplete moments are useful in the analysis of lifetime data, reliability and in
measuring inequality. The ! incomplete moment is

(0.¢]

t
(0= Y au| Xt 31)
k,1=0 -
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Table 2: Table of Moments for the EHLOL-W distribution for selected parameter values.

(0.8,0.8,0.7,05) (2.0,25,09,05) (0.5, 20,15, 1.5 (0.9, 50,18, 05) (0.8 4.5, 1.6, 0.4)

E(X) 0.3828 0.4155 0.0043 0.6567 0.5592
E(X?) 0.2450 0.1982 0.0036 0.4358 0.3170
E(X3) 0.1778 0.1047 0.0031 0.2922 0.1820
E(X*) 0.1384 0.0599 0.0027 0.1978 0.1058
E(X%) 0.1128 0.0367 0.0024 0.1351 0.0622
E(X) 0.0948 0.0238 0.0022 0.0931 0.0369
SD 0.0817 0.0162 0.0020 0.0647 0.0221
cv 0.0716 0.0115 0.0018 0.0453 0.0134
CS 0.0636 0.0084 0.0017 0.0319 0.0081
CK 0.0573 0.0064 0.0016 0.0227 0.0051

Note that 9;(t) can be applied to construct Bonferroni and Lorenz curves. These curves are of great
importance in insurance, demography, reliability, medicine and economics.
A general equation for 91(t) can be obtained from equation (3.1) as

[ee)
01(t) = D arPrsial(t),
K1=0

where Py 141(t) = fioo xhyy141(x)dx is the first incomplete moment of the Exp-G distribution.

4. Order statistics, probability weighted moments and entropy

Order statistics and entropy play important roles in probability and statistics, particularly in reliability,
lifetime data analysis and information theory. In this section, we present the distribution of the i order
statistics and Rényi entropy for the EHLOL-G family of distributions.

4.1. Order statistics

Let X1, X3,...., Xy, be independent and identically distributed EHLOL-G random variables. Then, the
pdf of the ith order statistics (Xi.) can be written as

finl) = grm gy 21" Fea, @y
]:O

where B(.,,.) is the beta function.
Using equation (2.1) and equation (2.2), we have

i 20\ %g(x; () —AG(x; Q) A+ G(x; Q) —AG(x; )7y «(G+i)-1
j+i—-1 _ =2 S - S5 s
o e g ™ om0 U e P oo )
A+ G(x; Q) —AG(x; )7y —«(+i)-1
U Toewa oo

After applying the generalized binomial and the exponential series, we obtain

w+s )s+k+l}\k+w+s+2

e 20g(x; O)(— w+s
f F j+i 1_
(X) (X) ws% o;) k’ 14+A W+S+1(W+S—|—1) ( q )

" < x(j+1) —1> (—Oé(j +1) —1> (—(k+ q +3)>G(x; oyt
s w l B

(4.2)
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Substituting equation (4.2) in equation (4.1), the pdf of Xi., can be expressed as

fin(x) = ) brihigis(x),
K,1=0

where hy;141(x) is the Exp-G density with power parameter (k+ 1+ 1) and

© m_iwts s tkE\kFWEs+2(3, g 4 1)K <n—i>

b =
k=) ZZk'1+7\W+5+1B(1n—1+1)(k+1—|—1) j
w,s=0j=0 q=0

" < (J—H)—l) (—oc(jJri)—l) <w+s> <—(k+q+3)>
s w q 1 '

Note that, the density function of the EHLOL-G order statistics is a mixture of Exp-G densities. From the
last equation, we note that the properties of Xi.,, follows from those of Ty;141. Thus, the q™ moments of
Xi:n can be expressed as

E(X?n) = Z bk,lE(T)g+1+1)-
k,1=0

4.2. Probability weighted moments

The probability weighted moment (PWM) is the expectation of a function of a random variable given
that the mean of the variable exists. The (j, 1) PWM of a random variable X ~EHLOL-G(x), say gj,i is
given by

From equation (4.2),

. 0 O(g(X 5)( )s+k+l}\k+w+s+2 WS
f(x)F(x)" = Z Z k! 1+)\)W+5+1(W+S+1) ( q )
1

(
y (cx i+1)— ><— (1+1)—1> (_(k+q+3)>G(X;C)k+l,
s w l -

which can be written as

fOIF(X) = ) dithicyria(x),

k,1=0
where
w+s (—1)sTRFIpkFws+2 W s
dit = Z > KI(1T+A W+S+1(w+s+1) (k+1+1)< q )

w,s,k,1=0 q=0

y ( (1+1)—1> (—oc(i—i—l)—l) <—(k+q+3)>
s w l '

Consequently the PWM of X is given by

o]

00 00 .
9= Z dk,lJ XYy (x)dx = Z A E(TL 4 q)-
k,1=0 - k,1=0
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4.3. Rényi entropy
Rényi entropy ([13]) is an extension of Shannon entropy. Rényi entropy is defined to be

Ir(v) =

log <Joo[f(x; A, oc,C)]"dx) ,VvE£ELv>0.
1—v 0

Set [f(x; A, «, Q)] = [f(x)]". Using the pdf (2.2), we can write

WG(6O T[4 A (g) G(xo) 1\ Vix Y
eXp[ G(x;0) ]{1 1+A)G (G )eXp[ x0) }}

v, A+G(x:0) %G&C) Ve
(1+}\)VG (Xlé){]‘ 1+}\) (x exp|: ( E) i|}

[f(x)]Y = (200\2)"9 (x; C)Y

By applying the generalized binomial series expansion, the last equation can be written as:

(20A2)Vg(x; ()Y — . <v(oc— 1)) <—v(o¢+ 1)> A+G(x Q) i+t
f(x)]Y = —1) T T
[£(x)] LT 0 j;o( I ) [ q H)G(X;Q]

—A( + i+V)G(X;C)}
G(x;g) '

From the exponential series, we can write

xexp[

[e9) ]+1

[f(x)]" _ Z Z ]+k)\l+1+k+2vb+l+v) <V(O£'—1))

| +i+v
Syl s, K!(14A)) j

y <V(O;+ 1)> (J :1) G(x; O)¥G(x; ()~ (k+a+3v),

Using the generalized binomial series expansion in equation (2.7), we have

i f —PERAINFRA2V(§ 4 py)K (v(oc—l))

I +i+ ;
j,i,k,1=0 q=0 k 1+7\)) o )

x (‘v("ﬁ 1)> (j :1) <_(k+f +3v))9(X;C)VG(X; Sl

Then, Rényi entropy is given by

Ir(v) =

1 > 0
1—v log [ Z Clel (Jo [g(X;C)VG(X?C)kH]dX> ],

k,1=0

where

oo jHi

20( )+k+l}\)+1+k+2v()+l+v) v(oc—l)
Clel = Z Z K1+ A)it+itv j
j,i=0 q=0

—v(oe+ 1)) (j +i> <—(k+ q —|—3v)>
. < i q l

and fo (%; Q)VG(x; Q)*tdx can be numerically obtained.
Alternatwely, the Rényi entropy of the EHLOL-G family of distributions can be expressed as

1 o0
(1—v)1
1_v1°g[§ diere™ ]

k,1=0

Ir(v) =
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where

oo j+i

d 2“ ]+k+1)\]+1+k+2v(1+1+‘)) v((xil)
k1= Z Z K1+ APt j
j,i=0 q=0

y (—v(o‘c—k 1)> <j +i) <—(k+ q +3v)> (m +1>
i q l v

and Igeg = [ (B +1)g(x; Q)G (x; C) v']Vdx is the Rényi entropy of the Exp-G distribution with power
parameter X1 Thus, the Rényi entropy of the EHLOL-G family of distributions can be obtained directly
from that of the Exp-G distribution.

5. Maximum likelihood estimation

In this section, we present the method of maximum likelihood for estimating the parameters of the
EHLOL-G family of distributions. Let X ~ EHLOL-G(A, &, () and A = (A, «, QT be the vector of model
parameters, then the log-likelihood function ¢, = {,,(A) based on a random sample of size n from the
EHLOL-G family of distributions is given by

€ (A) =nlog(2a) +2nlog(A) —nlog(l +A) + Z log(g(xi;¢)) —3 Z log(G(xi; ¢
i=1

" G : Gl [AGGD
A G(;,C) “h) ke 5{1- 1+A)G(xu )eXp[ i) )

i=1

G(xi;0) AG(xi; C)

—(x+1) log{l—i—fexp [7}}

; (1+AG(xi: Q) Gxi; )

The first derivative of the log-likelihood function with respect to each component of the parameter vector

A=A« QT, that is, elements of the score vector U(A) are given in the appendix

The maximum likelihood estimates of the parameters, denoted by A is obtained by solving the non-

linear equation (%, aa%, %)T = 0, using a numerical method such as Newton-Raphson procedure. The

multivariate normal distribution Ny, 2(0, J(A)~1), where the mean vector 0 = (0,0,0)" and J(A)~! is the

observed Fisher information matrix evaluated at A, can be used to construct confidence intervals and
confidence regions for the individual model parameters and for the survival and hazard rate functions.

6. Simulation study

We simulate N = 1000 samples for the true parameters values given in Tables 3 and 4. The table lists
the mean MLEs of the model parameters along with the respective bias and root mean squared errors
(RMSEs). The bias and RMSE for the estimated parameter, say, 8, say, are given by:

N A
~ 0 . )
Bias(0) = Z‘](]“ —0, and RMSE(f) = 2 (0:i—0)°

respectively.

The results in Tables 3 and 4 clearly show that the mean estimates of the parameters tend to be closer
to the true parameter values as the sample size n increases, also the bias and the RMEs are decaying
towards zero which implies strong consistency of the MLE of the model.
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Table 3: Simulation results.

(0.5,0.5,0.9,0.8) (0.5,0.7,0.5,0.8)
parameter Sample Size Mean RMSE Bias Mean RMSE Bias
A 50 1.6430 8.2837 1.1430 | 5.7617 29.4288 5.2617
100 1.3057 5.4868 0.8057 | 2.4042 7.7581 1.9042
200 0.7384 0.5207 0.2384 | 1.3829 3.2974 0.8829
400 0.6821 0.3055 0.1821 | 1.0200 0.6966 0.5200
800 0.6270 0.2043 0.1270 | 0.8646 0.4600 0.3646
o 50 0.4505 0.1984 -0.0495 | 0.6332 0.3021 -0.0668
100 0.4564 0.1412 -0.0436 | 0.6437 0.2196 -0.0563
200 0.4869 0.0996 -0.0131 | 0.6966 0.1455 -0.0034
400 0.4912 0.0687 -0.0088 | 0.6947 0.1018 -0.0053
800 0.5042 0.0407 0.00422 | 0.7040 0.0560 0.0039
a 50 1.4348 1.1274 0.5348 | 0.9539 0.9003 0.4539
100 1.3055 0.8158 0.4055 | 0.8504 0.6353 0.3504
200 1.1045 0.4432 0.2045 | 0.6916 0.3575 0.1916
400 1.0506 0.2852 0.1506 | 0.6740 0.2556 0.1740
800 0.9822 0.1564 0.0822 | 0.6231 0.1577 0.1231
b 50 1.2024 0.9284 0.4024 | 4.8867 18.5952 4.0867
100 1.1668 0.7777 0.3668 | 3.1189 4.5684 2.3189
200 1.0364 0.4479 0.2364 | 2.1833 2.3932 1.3833
400 1.0135 0.3510 0.2135 | 2.0223 1.5740 1.2223
800 0.9466 0.2457 0.1466 | 1.6828 1.1068 0.8828

Table 4: Simulation results.

(0.2,0.5,0.7,0.4) (0.5,0.7,0.7,0.8)
Parameter Sample size Mean RMSE Bias Mean RMSE Bias
A 50 0.8839 2.0789 0.6839 | 3.2587 12.2905 2.7587
100 0.8111 3.2274 0.6111 | 2.6873 11.4352 2.1873
200 0.4426 0.5011 0.2426 | 1.0587 2.4737 0.5587
400 0.3887 0.2455 0.1887 | 0.7260 0.4543 0.2260
800 0.3409 0.1650 0.1409 | 0.6433 0.2660 0.1433
o4 50 0.5008 0.2096 0.0008 | 0.5963 0.3149 -0.1036
100 0.5089 0.1366 0.0089 | 0.6259 0.2114 -0.0741
200 0.5339 0.1014 0.0339 | 0.6757 0.1473 -0.0243
400 0.5358 0.0728 0.0358 | 0.6816 0.0925 -0.0184
800 0.5344 0.0503 0.0344 | 0.6972 0.0582 -0.0027
a 50 1.2039 1.0579 0.5039 | 1.3711 1.3420 0.6711
100 1.0639 0.7010 0.3660 | 1.1018 0.8451 0.4018
200 0.8925 0.3998 0.1925 | 0.8851 0.4692 0.1851
400 0.8592 0.2303 0.1593 | 0.8210 0.2540 0.1210
800 0.8209 0.1470 0.1209 | 0.7711 0.1397 0.0711
b 50 0.9814 0.9640 0.5814 | 1.9460 2.5301 1.1460
100 0.9043 0.8034 0.5043 | 1.6719 1.8813 0.8720
200 0.7237 0.4966 0.3237 | 1.2543 0.9739 0.4543
400 0.6971 0.3766 0.2971 | 1.1344 0.6190 0.3344
800 0.6318 0.2698 0.2318 | 1.0264 0.4047 0.2264

7. Applications

In this section, we present examples to illustrate the flexibility and usefulness of the EHLOL-W dis-
tribution and its sub-models for data modeling. The EHLOL-W distribution is fitted to two data sets and
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these fits are compared to the fits of the Odd Log-Logistic Exponentiated Weibull (OLLE-W) distribution
([1]), Kumaraswamy Weibull (KumW) dustribution ([8]), Exponentiated Weibull Lindley (EWL) distribu-
tion ([5]), Weibull Lomax (WL) distribution ([15]) and the Beta Generalized Lindley (BGL) distribution
([12]). The pdfs of these distributions are

f OByxP e (3)7[1 — e~ (R)°)YO-11 — 1 — e~ (3)F)x)01
ote-wlx) = aB{[1—e (&)P]v0 1 (1 —[1 —e (R)P]¥)0)2 '

for «,3,0,y >0and x >0,

B

fieum-w(x) = abpaPxPTe (0 (] (P ya-lfg 1 _ g=lex)Pjajp—1

for «,3,a,b >0and x >0,

2
fewr (x) = VUL F Al x)explar) { —a

(1+ o+ oex)?

1 b v—1 b—1

" <1—exp{—a (14 «) exp(ax) _1] }) {(1+o¢) exp(ox) _1} ,
14+ o+ ax 1+ o+ ax

for «,v,a,b >0and x >0,

fwi(x) = abﬁ(x[l—i- (E)}bal{l - [1 + (g)]a}bl exp { — a{ [1+ (z)r—l}},

for «,3,a,b >0and x >0,

(1+ ) exp(ax) 1 °
14 a+ ax

s

~ aB?(1+x)e O
feet®) = Fr a1 o) !

S (- HE )]

for o,0,a,b > 0and x > 0.
Plots of the fitted densities, the histogram of the data and probability plots ([3]) are given in Figures 9

2 A —0.37
and 10. For the probability plot, we plotted F(x(;; A, &, C) against ]n+0032§' j

the ordered values of the observed data. The measure of closeness was obtained and is given by the sum
of squares

=1,2,...,n, where x;) are

n

« s i —0.375\]°
ss=3_ [Fixh a0 - (o)

j=1

The goodness-of-fit statistics W* and A*, see ([4]) are also presented in the tables. These statistics can
be used to verify which distribution fits better to the data. In general, the smaller the values of W* and
A*, the better the fit.

The MLEs of the parameters with standard errors in parenthesis and the values of the statistics (-
2log(L), AIC, AICC, BIC, W*, A*, KS and its P-Value) are given in Tables 5 and 6.

7.1. Relief times of 20 patients

This data set taken from [11] gives the relief times of 20 patients receiving an analgesic. The estimated
parameters, standard error (in parenthesis) of estimates and the goodness-of-fit statistics are presented in
Table 5.
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Table 5: Estimation of the EHLOL-W model for relief times of 20 patients data set.
Estimates
Distribution A o a b -2log L AIC CAIC BIC w* A* K-§ P—value SS
EHLOL-W 24.355 8265.200 0.335 37.842 31.065  39.065 41.731  43.048 0033 0.188 0.103 0.984 0.023
(5.714) (0.001) (0.069) (2.028)
o &) a b
BGL 0.120 1.520 x107%7 0.302 10.100 162523 170538 173205 174521 0.089 0523 0512 5526 x10°% 1571
(0.013) (4.342 x1070) (0.001) (3.494 x10~%)
o B 0 RY%
OLLE-W 0.027 0.034 90.217 1.821 32987 40987 43654 44970 0052 0313 0.120 0.969 0.029
(0.021) (0.007) (5.119 x10~%) (0.037)
a b c A
Kum-W 23108.000 1.465 0.309 989.690 31319 39319 41986 43302 0036 0207 0.121 0.931 0.032
(9.797 x10-9) (0.536) (0.004) (2177 x10~%)
a b =4
WL 1753.0 5.843 0.124 0.334 38901 46901 49568  50.884 0151 0.892 0.178 0.554 0.138
(0.018) (12.087) (0.129) (2.583)
o v a b
EWL 0.003 982.470 348.730 0.374 31.657  39.657 42323  43.640 0042 0244 0.123 0.924 0.034
(0.003) (2.881 x107%)  (1.466 x10~) (0.060)
a b
w 0.122 2.787 41173 45173 45879 47164 0186 1.093 0.185 0.501 0.171
(0.056) (0.427)

The estimated variance-covariance matrix for the relief times of 20 patients data is given by,

32.6503 0.0046 0.3914 —11.5889
0.0046 6.4167 x 107 5.4864 x 10~ —0.0016
0.3914 5.4867 x 10~ 0.0047 —0.1389

—11.5889 —0.0016 —0.1389 4.1133

and the 95% confidence intervals for the parameters A, , a and b are: 24.355 £11.199 , 8265.200 + 0.002,
0.335 £ 0.135, and 37.842 + 3.975, respectively.

From the results presented in Table 5, it can be seen that the EHLOL-W distribution has smallest
values of the goodness-of-fit statistics (AIC, AICC, BIC, W*, A*), also the biggest p-value and the smallest
Sum of Squares value (SS) indicating that the EHLOL-W distribution provides a better fit compared to
the other models. The plots of histogram, fitted densities and probability plots are given in Figure 9.
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Figure 9: Fitted densities and probability plots for relief times of 20 patients data set.

7.2. Strengths of glass fibres data set

The data consists of 63 observations of the strengths of 1.5 cm glass fibres, originally obtained by
workers at the UK National Physical Laboratory. The units of measurement are not given in the paper.
[14] also analysed this data set. The estimated parameters, standard error (in parenthesis) of estimates
and the goodness-of-fit statistics for this data set are presented in Table 6.
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Table 6: Estimation of the EHLOL-W model for strengths of glass fibres data set.
Estimates
Distribution A « a b -2log L AIC CAIC BIC W+ A* K-S P—value SS
EOLOLW 0331 1436 1327 0872 26763 34763 35453 43336 0134 0762 0.123 0.301 0124
(1.007) (0.770) (1.176) (1.272)
o 0 a b
BGL 0121 2290 x10-% 0.302 0.101 492265 500270 500960 508.843 0.638 3492 0521 2776 x10-15 5151
0.007) (2983 x107%) (4513 x107%) (2.218 x10~%®)
o [8) 0 Y
OLLEW 1992 8.749 1.687 0.302 28050 36050 36739 44622 0186 1.031 0132 0.222 0.153
(0297) (3.940) (0.744) (0.267)
a b o [§)
WL 0.013 2.840 0.010 95.349 28792 36792 37481 45365 0173 0974 0.136 0.193 0.167
(0.006) (0.270) (0.005) (0.005)
o v a b
EWL 4195 1.808 0.020 0717 28219 36219 36909 44792 0160 0899 0.131 0.230 0.150
(5.940) (0.981) (0.028) (1.146)
a b
w 0.060 5.781 30414 34414 34614 38700 0237 1304 0152 0.108 0211
(0.021) (0.576)

The estimated variance-covariance matrix

for the strengths of glass fibers data set is given by,

1.0132 0.6607 1.1548 1.2726
0.6607 0.5925 0.6657 0.7803
1.1548 0.6658 1.3835 1.4868
1.2726 0.7803 1.4868 1.6184

and the 95% confidence intervals for the parameters A, &, a and b are: 0.331 + 1.974 , 1.436 + 1.509, 1.327
+2.305, and 0.872 + 2.489 , respectively.
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Figure 10: Fitted densities and probability plots for strengths of glass fibers data set.

Figure 10 shows the histogram, fitted densities as well as the probability plots for the strength of glass
fibre data set. Clearly, the EHLOL-W distribution has the smallest values of the goodness-of-fit statistics,
the largest p-value and the smallest SS value, hence we can conclude that the EHLOL-W distribution
provides a better fit compared to the other models presented in Table 6.

8. Concluding remarks

A new generalized distribution called the exponentiated Half-Logistic Odd Lindley-G (EHLOL-G)
family of distributions is developed and presented. The EHLOL-G family of distributions possesses haz-
ard rate function with flexible behavior. We obtain closed form expressions for the moments, incomplete
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moments, distribution of order statistics and Rényi entropy. Maximum likelihood estimation (MLE) was
used to estimate the model parameters. The performance of the special case of the EHLOL-W distri-
bution was examined by conducting various simulations for different sizes. Finally, the special case of
the EHLOL-W distribution was fitted to real data sets to illustrate the applicability and usefulness of the
proposed family of distributions.
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Appendix B. R define codes

#define pdf EHLOL-W

fl=function (x,lambda,alpha,a,b)

{
y=2xalphaxlambda”2*axb"(—a)*x"(a—1)*(exp(—(x/b)"a)) " (—2)
xexp(—lambdax(1—exp(—(x/b)"a))/(exp(—(x/b)"a)))*(1+lambda)"(—1)
*(1—(((lambda+exp(—(x/b)"a))*exp(—lambdax*(l—exp(—(x/b)"a))/
(exp(—(x/b)~a)))))/((1+lambda)*exp(—(x/b)"a)))" (alpha—1)
*(1+(((lambda+exp(—(x/b)"a))*exp(—lambdax(l1—exp(—(x/b)"a))/
(exp(—(x/b)~a)))))/((1+lambda)*exp(—(x/b)"a)))"(—alpha—1)

¥
#QUANTILES, MOMENIS AND MONTE-CARLO SIMULATION STUDY
rm(list=1s ())
library (stats4)
library (bbmle)
library (stats)
library (numDeriv)
library (rootSolve)
##define pdf EHLOLW
EHLOLW pdf<—function (lambda, alpha ,a,b,x)
{
2xalphaxlambda“2+axb”(—a)*x"(a—1)*(exp(—(x/b)"a))"(—2)*exp(—lambdax
(1—exp(—(x/b)~a))/(exp(—(x/b)"a)))*(1l+lambda)"(—1)*(1 —(((lambda+exp(—(x/b)"a))
xexp(—lambdax(1—exp(—(x/b)"a))/(exp(—(x/b)"a)))))/ ((1+lambda)*exp(—(x/b)"a)))
“(alpha —1)*(1+(((lambda+exp(—(x/b)"a))*exp(—lambdax(l1—exp(—(x/b)"a))/
(exp(—(x/b)~a)))))/((1+lambda)*exp(—(x/b)"a)))"(—alpha—1)
}
##define cdf EHLOLW
EHLOLW _cdf=function (lambda, alpha ,a,b,x){
y= (1 —(((lambda+exp(—(x/b)"a))*exp(—lambdax(1—exp(—(x/b)"a))/(exp(—(x/b)"a)))))
/((1+lambda)*exp(—(x/b)"a))) " (alpha)=*(1+(((lambda+exp(—(x/b)"a))
xexp(—lambdax(1—exp(—(x/b)"a))/(exp(—(x/b)"a)))))/ ((1+lambda)
rexp(—(x/b)"a)))"(—alpha)
}
EHLOLW _neglogl=function (lambda, alpha ,a,b, x){
—sum (log (EHLOLW_pdf(lambda, alpha ,a,b,x)))}
EHLOLW _hazard=function (lambda,alpha,a,b,x){
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f=EHLOLW pdf(lambda, alpha ,a,b,x)
F=EHLOLW _cdf(lambda, alpha ,a,b, x)
y=£/(1-F)
return(y)}
## define EHIOLW quantile
EHLOLW _quantile =function (parameter ,u){
lambda=parameter[1]
alpha=parameter[2]
a=parameter [3]
b=parameter[4]
f=function (x){
EHLOLW _cdf(lambda , alpha ,a,b,x)—u
}
x=min(uniroot. all (f,lower=0,upper=10,tol=1000))
return (x)

EHLOLW _QuantileTable=function (parameter_matrix){
u=seq(0.1,0.9,0.1)
size=dim(parameter_matrix)[1]
Table_Quantile=matrix (NA, nrow=length (u),ncol=size)
row.names( Table_Quantile)=u
colnames(Table_Quantile)=apply (parameter_matrix ,1, function (x)
{paste0 (’(’,paste0(x, collapse=","),")")})
Table_Quantile
for(iter in 1:size){
parameter=parameter_matrix[iter ,]
for(i in 1l:length(u)){
Table_Quantile[i, iter =EHLOLW _quantile (parameter ,u[i])
}
}
return (Table_Quantile)
¥
## table of quantile
parameter_matrix=as.matrix (rbind (
parl=c(0.8,0.8,0.7,0.5),

par2=c(2.0,2.5,0.9,0.5),
par3=c(0.5,2.0,1.5,1.5),
par4=c(0.9,5.0,1.8,0.5),
par5=c(0.8,4.5,1.6,0.4)

)
EHLOLW _QuantileTable(parameter_matrix)

print (parameter_matrix)

print (EHLOLW _QuantileTable(parameter_matrix))

##End of Quantile

##define pdf EHLOLW

EHLOLW pdf=function (lambda, alpha ,a,b, x){
y=2xalphaxlambda”2xaxb"(—a)*x"(a—1)*(exp(—(x/b)"a))"(—2)
xexp(—lambdax(1—exp(—(x/b)"a))/(exp(—(x/b)"a)))*(1+lambda)"(—1)
*(1 —(((lambda+exp(—(x/b)"a))*exp(—lambdax(1—exp(—(x/b)"a))/
(exp(—(x/b)~a)))))/ ((1+lambda)*exp(—(x/b)"a)))" (alpha—1)
*(1+(((lambda+exp(—(x/b)"a))*exp(—lambdax(1—exp(—(x/b)"a))
/(exp(—=(x/b)"a)))))/((1+lambda)xexp(—(x/b)~a)))"(—alpha—1)

}

EHLOLW _moments=function (lambda, alpha ,a,b,n){
f=function (lambda, alpha,a,b,n,x){

(x"n)*(EHLOLW _pdf(lambda , alpha ,a,b,x))
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}
y=integrate (f ,lower=0,upper=1,subdivisions=10,lambda=lambda,
alpha=alpha ,a=a,b=b,n=n)
return (y$value)
¥
### table of moments
parameter_matrix_Moments=matrix (c() ,ncol=4,byrow=T)
parameter_matrix_Moments
list_-Moments=c('EX’,"EX2’,"EX3","EX4’,"EX5","EX6’,’SD’,'CV’,’CS’, 'CK")
Table_Moments=matrix (0 ,nrow=length (list_Moments),
ncol=dim(parameter_matrix_-Moments)[1])
row .names ( Table_Moments)=1list_Moments
Table_Moments
for(iter in 1:dim(parameter_matrix_-Moments)[1]){
parameter=parameter_matrix_Moments[iter ,]
for(i in 1:10){
Table_Moments|[i, iter ][=EHLOLW _moments(parameter[1] ,parameter[2],
parameter [3], parameter[4],1)

}

print (Table_Moments)
###moments end
EHLOLW _simulation=function (size=c(25,50,100,200,400,800) ,samp, par){
set.seed (2000)
K=length (par)
Mean=vector ()
RMSE=vector ()
Bias=vector ()
samplesize=as.vector (t(mapply(rep, size ,K)))
for(iter_size in 1l:length(size)){
coefl=matrix (NA, samp,K)
colnames(coefl)=c(’lambda’, alpha’,’a’,’b”)
for (nsamp in 1:samp){
tryCatch (
{
x1_ EHLOLW=NULL
g=runif (size[iter_size],0,1)
x1=sapply(q, EHLOLW_quantile , parameter=par)
# MLE
x1 EHLOLW=mle2 (EHLOLW neglogl, start=1ist (lambda=par[1],alpha=par[2],
a=par[3],b=par[4]) ,method="L-BFGS-B”,data=1list (x=x1),
lower=c(lambda=0,alpha=0,a=0,b=0),upper=c(lambda=Inf, alpha=Inf ,a=Inf ,b=Inf)
,use . ginv=TRUE)
coefl [nsamp,]=coef (x1_ EHLOLW)
},error=function(e){}
)
}
Mean|[length (size )*(0:(K—1))+iter_size]=apply(coefl ,2 ,mean, na.rm=TRUE)
RMSE[length (size )« (0:(K—1))+iter_size]=apply ((coefl—matrix (rep (par,nsamp)
,ncol=K,byrow=T))"2,2 , function (x){ sqrt(mean(x,na.rm=TRUE)) })
}
Bias=as.vector (sapply (1:K, function (x){ Bias [(length(size)*(x—1)+1):
(length (size)*x)]=Mean[(length(size)*(x—1)+1):(length(size)xx)]—par[x]}))
return (cbind (samplesize ,Mean,RMSE, Bias ))
}

par=c(0.2,0.5,0.7,0.3)



W. Sengweni, B. Oluyede, B. Makubate, J. Nonlinear Sci. Appl., 14 (2021), 287-309 309

par_k=c(0.4)
for(i in 1:length(par)){
for(j in 1:length(par)){
for(l in 1:length(par)){
for(p in 1:length(par_k)){
print(c(par[i],par[j],par[l],par_k[p]))
print (EHLOLW _simulation (samp=1000, par=c(par[i],par[j],par[l],par_k[p])))
¥
}
}
}
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