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Abstract

In this work, we obtain the approximation properties of a new generalization of Szdsz-Mirakjan operators based on post-
quantum calculus. Firstly, for these operators, a recurrence formulation for the moments is obtained, and up to the fourth degree,
the central moments are examined. Then, a local approximation result is attained. Furthermore, the degree of approximation in
respect of the modulus of continuity on a finite closed set and the class of Lipschitz are computed. Next, the weighted uniform
approximation on an unbounded interval is showed, and by the modulus of continuity, the order of convergence is estimated.
Lastly, we proved the Voronovskaya type theorem and gave some illustrations to compare the related operators’ convergence to
a certain function.
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1. Introduction

In [23, 36], the Szdsz-Mirakjan operators on [0, co), which are related to the Poisson distribution, were

defined as
v nx > k (nx)
Salf;x) =e kE_Of <n> o

In recent years, many modifications and generalizations of the operators (1.1) were considered by
some authors. Aral et al. [6] introduced the new generalization of Szdsz-Mirakyan operators. Some
approximation results for the operators of Szasz-Mirakjan-Durrmeyer type are obtained by Krech [19].
Cekim et al. [9] considered the Dunkl generalization of Szdsz beta-type operators. A modification of
the Szdsz-Mirakjan-Kantorovich operators which preserving linear functions introduced by Duman et al.
[12]. In [32], a new generalization of Szdsz-Mirakjan operators on a closed subintervals of [0,00) were
defined by Ousman and Izgi as follows:

k

(1.1)

o0

Nn(f;x) =e ™) f(

En—l—a)(nx)k

) g 0<x<oo (1.2)
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where a,beINand 0 < a <b.

They estimated for the operators (1.2) the rate of convergence and proved the Voronovskaya type result
theorem and also obtained the order of approximation of functions on the class of Lipschitz. We refer to
the readers some similar type operators in [7, 16, 37].

In the last three decades, the quantum calculus, briefly g-calculus, which has a lot of application fields
in mathematics, has played a serious role on the approximation theory. The first experimentation via the
implementation of g-calculus to linear positive operators is done by Lupas [20]. He investigated the q-
Bernstein polynomials and examined approximation and shape-preserving properties. Later, Phillips [33]
achieved several convergence results and proved the Voronovskaya-type results for the generalizations
of the g-Bernstein operators. Next [20, 33] investigations, the implementing of g-calculus on the ap-
proximation theory become very popular and motivated many authors to introduce this technic to some
various famous operators. In [31], Orkcii and Dogru introduced the weighted statistical approximation
by kantorovich type q-Szasz-Mirakjan operators. Ahasan and Mursaleen [2] obtained some approxima-
tion results of the generalized Szdsz-Mirakjan type operators via g-calculus. Mahmudov and Gupta [22]
proposed a g-analogue of Szdsz Kantorovich operators. Mursaleen and Rahman [30] studied a Dunkl
generalization of q-Szdsz-Mirakjan operators which preserve x2. Also, we refer to [5, 8, 21].

Recently, Mursaleen et al. [28] by using of the post-quantum calculus briefly, (p, q)-calculus, added a
new process to approximation theory. Moreover, by association to (p, q)-calculus the Bernstein-Schurer
type operators [26], the Kantorovich variant of Szasz-Mirakjan operators [27], the king type Szdsz-Mirakjan-
Kantorovich operators [29] and the Szdsz-Mirakjan [25] type operators were introduced and examined in
detail. Also, Alotaibi et al. [3] obtained some approximation results of a Dunkl type generalization of
Szész operators via (p, q)-calculus. Karahan and Izgi [18] investigated some approximation results of the
(p, q)-Bernstein operators. Acar [1] defined a new modified operators of Szdsz-Mirakjan based on (p, q)-
integers. The Chlodowsky variant of Szdsz-Mirakjan-Stancu and the Szdsz-Mirakjan-Baskakov-Stancu
type operators on the concept of (p, q)-integers were presented by [24]. The Stancu form of operators of
(p, q)-Szédsz-Mirakjan are explored by [10].

In this research, for the operators given by (1.2), motivated by the many studies given above, we
construct a new generalization of the Szasz-Mirakjan operators by using of (p, q)-calculus and investigate
the approximation attributes for these operators. Now, we recollect some basic notations and definitions
about the (p, q)-calculus. Suppose that 0 < q < p < 1. For all integers n,1 such that n > 1 > 0, the [n]
is given as:

P.q

. .pT'L _ qT‘L
M, q = E——

The factorial and binomial factors related to the (p, q)-integers are given respectively as:

n ] . [po,q!
Lipg [MUpgtn=1, 4

m, m—=1_,---1, n
[n]p C]' = { P.q P.q n

7

WV

é: and [

The (p, q)-binomial expansion is gives as:
ke —1 1
(au+bv)glq = Zp( 2 )q(z)an—lblun—lvl/
1=0

and
n

(W=v)p 4 = (W=V)(pu—gv)(p*u—g®v)--- (p™ u—q™ V).
Moreover, the two analogue of (p, q)-exponential function are as follows:

00 1(1-1) 1 1(1-1)

ep,q(u) = mezi?.

1=0 P.q° 1=0 P.q°
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which verify e, (U Ep q(—u) = 1. Since p =1, Ep, 4(u) and e, (u) turn into functions of g-exponential.
More detailed information about the (p, q)-calculus can be found [14, 17, 34, 35].
Now, by utilizing of (p, q)-calculus we will construct our operators as follows:

> [kl 4 M+ ] ey (],  x)¥
REA (%) =Epq(—=m], X)) f ( — ) q z —24 (1.3)
v " 1;) q 2l 4 [n+b]p,q [Klp,q!
o0 _ k
where a,b,n e N,0<a<b,0<q<p<1, xe[0,00).Itisclear tosee E, q(— ]p,qx)kéoqk(kz ”%ﬁ’iji)

= 1. The operators given by (1.3) are positive and linear. In special case, for a = b the operators (1.3)
reduce to operators given by [1] and also for p = 1 and a = b the operators (1.3) reduce to operators given
by [21].

2. Main results

Lemma 2.1. Let R}, z’b (f;x) operators are given by (1.3). Then, we attain the following relation:

s u s+1—u
P (gs+ly) s ptintayg P (.
Fran0 = 1;)< ) Pl b e -
Proof. Using the equation below
M, q=a" " +ph—1l,,,
then, we may write
> ST i+ }SH -1 (], %)k
Rp,q ts+1;X —E _ [n] X P9 > P.q
mabl )= Epal=nhq )];)q(ku)(erl)[ ];+ql [n+b]5+1q K, 4!
0 +1 k—1
= Ep,q(— ] X)Z [k}p qMm+a ]TS, q : qk( K ypn (n]y,q ¥ 1x
' P g8 s I+ bl k=11, 4!

%) p[k—l} +qk—1 [Tl+a]s+1 kk ) K1
=Ep,q([n1p,qx>z< a8 I e (g0

= q(k—2)s[n]; [n+1)]5+1 [k_ﬂp,q!
q 71)2(k72)+1
u)
Epa(—nlpqx ZZ(> P k=t e e
k=1u=0 pd
+1 k—1
y m+allg (], qx)'x
mplp =1l 4!
s s+1 u ) u
s xpt n+aly) [“‘Hﬂ,
_Ep,q(_[n]p,qx)z<u> 2u—s Nyt “Z ql E;]qu
S\ @ums )y +b = lcl n+ bl
gt ([l g )<
e —1]p 4!
S /s xpt [+ al [“+a]
=Ep,q(—nl, %) () pq i
P.q P.q 1;) u q2u—s—1[ ]p [n+b}s+l ‘LLkZOq k—2)u P [Tl+b]
K
y q szll ([n]p,q X)
[Klp,q"
+ s+1—u
_Z( > Zu—s— 1[[?5 uaipq G Ran (1),
pa M0l g

which ends the proof. O
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Lemma 2.2. Let the Rf{,g,b (f;x) operators are given by (1.3). Then, the following identities

Rﬁ’l?llb(l;x) =1,

n+ a
Rp,q . — P.q 2.2
n,a,b (t/ X) qX [Tl-i-b]p,q ’ ( )
2 n+ al?
RP9(1%5%x) = | pax? + T x rA, (2.3)
n,a,b Ml ) m+b12

3
szq (t3'X) _ p3x3 + 2pq2 +p2qX2 + q3 x [Tl—l— O.]p,q
n,a,b ’ [TL] 2 3 7
P.q nlyq ) Mm+0l5

6 5 342 343 3 242 3 4 n+al*
RD | (thx) (px4+p q+2°¢ +3p° 5, Pa+3°* +3p0° 5, g X) b
q

2 q* [l 4 I , ]

0

are satisfies.

Proof. In view of (2.1), it is obvious that Rﬁ” ?1,b (1;x) = 1. Then,

a n+ a
P.q [

2 In+
— p—xi[n alp,q th’ib(tz;x) + 2pq X PARPA (t;x) + g
q M+bl,, ™ : [
2 n+ 2 n+al?
q [n+b]p,q [n]p,q [Tl‘l‘b} ,
2pq N n+ a]f,,q qx[n+ al, q N ¢ [+ a]i,q
[n]p,q [n+b}%,q [

3
2pq? +p3q q° m+al),
= <p3x3 + m XZ + [ 5 X ]39 J ’

p.q Mp.q P

+

3 [n+d] 3
4.y_ P P.4 pb, 3. P P.Apb.q (2.
ap () = Xy Rean (X g mn  Relap (5]
P/ 4

2 n+4a 4 [n+ad
3qu X PARPA . (t;x) +
n+b]

3 n,a,b
P.q P.q

3
g [(ha @ aria, @\ [td,
q* I+l g [y q P bl

2 2
+ 3p° x[n+a]p’q {(pqx2+[ q x) [n+a]p'q}
q

e L

n]

g
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N 3qu2 n+al’ qx[n+ al, q q34 X[n+ alf 4
2, bl | Ml e, mabl
4
_ (P, PPa20°a?+3p°¢ 5 pPa+3p’*+3pd’ 5 g\ Intadpg
e’ ¢ . P TR, el
P.q n P.q n P9 P.q
this ends the proof. O
Corollary 2.3. Taking into account Lemma 2.2, the following central moments
N+ a]
R}T)L,,?l,b(t —xx) ={q—1} ﬁxz (2.4)
m+al’ n+al m+al’
RK’gb((t—x)Z;x) =4<Pq PA _2q PA 418 %%+ q2 129,q X , (2.5)
” n+bl , n+bl, 4 n+bl3 , g
[+ al} n+al’ M+ al? n+dl
Rﬁii,b((t—x)‘%x) = {p P _ 43 >4 4+ 6pq nd —4q7[ b]p’q x*
a* n+bl} m+1l; 4 M +bl; 4 n+0l, 4
PP +2p°2 +3p°P n+aly I C
X > + —4(2pq°+p°q) 3
q m+bl5 m+bl)
' s B , (2.6)
m+ al? 3 N+ a] [N+ a
164> 123q x p3q +3p2q? + 3pq° E,q —ag? glq Xz
[Tl-i-b]p,q [n]p,q n+ b]p q [Tl-f-b]p,q [ ]p,q
Jntdl o x
+ q b 4, [ ]3
m+bl, 4 Il q

are satisfies.

Remark 2.4. It can be clearly seen that lim [n], ,
n—oo ’

to provide the results, we get the sequences q = (qn) € (0,1) and p = (pn) € (qn,1] so that hm 1 P =

=0 or p—for0< q < p < 1. For the purpose of

1, lim g, = 1 and lim py = ¢, lim q;y = d, by 0 < ¢,d < 1. Then, we obtain 11m n ]p qn = 00
n—o00 n—o0 n—oo
Furthermore, following relations hold
- m+adly,qn
i Mg {(qn T NN
M+ al? n+ a
1- Pnrn,dn _2 Prn,dn T 1 —
i, {p“q“ bR oMbl P
n + al} m+al’ i+ al? n+al
T}E};o Mo dn {P P —4py _5,)“ A +6pnqn72pmqn_4qnﬁ+l =Y
@ m+olt . e I+ . Pt
Let us give an example for the sequences (pn),(qn) given by Remark 2.4. Taking (pn) = 1—
%ﬂ,(qn) 1-— n+3, so it is clear to see that nlgr;opn =1, hm qn =1, hm pTL = é,ggrgoqﬁ = é
lim —— =0 as n — oco. Further, we obtain « = c(e 3 — e*Z), [5 —e2—e3 y=0.
n—o0 [n}Pn/Qn
Remark 2.5. Let the sequences (pn ), (qn) are given by Remark 2.4. Then, we obtain
nlgr;o My, qn RiCR (E—%%) = ax, (2.7)
Jim [, o, RPm A ((t—%)%x) = Bx® +x, (2.8)
dim [, REE (%)% %) = v (2.9)
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P.q

3. Local approximation results for R}’

(f;x) operators

Suppose that the space Cg|0, co) indicates for all real-valued continuous and bounded functions g. On
Cgl0, 00) the norm and K-functional of Peetre’s are given respectively as

¥

lgll="sup lg(x)| and Kz(gn)= inf {[lg—h|+n]|h"|
x€[0,00) heCyg

where 1 > 0 and C% = {h € Cg[0,00) : h/,h" € Cg[0,00)}. Taking into account [11], we attain

Ka(g;m) < Cwalg; M), n >0, (3.1)

where

wz(g;m) = sup sup |g(x+2h)—2g(x+h)+ g(x]]
0<h</f x€[0,00)

is the second order of modulus of smoothness of function g € Cg[0, oo). Further,

w(g;n) = sup sup [g(x+h)—g(x)]
0<h<n x€[0,00)

is the ordinary modulus of continuity of g € Cg[0, c0). More details for w(g,n) can be found by [4].

Theorem 3.1. Suppose that f € Cgl0, 00) and 0 < q < p < 1. Then, for all x € [0, c0), we obtain
RY:S 4 (F5%) = F(x)| < Cawa(f; /() + w(F;9n(x)

[ ]
where a constant C > 0, Nn(x) = Rp,?l,b (t—x)%x) +9(x)?, and 9. (x) = <(q — 1)L§]Mx) .

i n+bl, 4

Proof. Firstly, we give the following auxiliary operators

_ N+ d
R &o(fix) = Ry (Fix) — (q”x) +f(x), 3.2)
,q, ,a, [n—l—b]p,q

where x € [0, 00). From (2.2), ~
RP9(t—x;x) =0.

n,a,b

For g € C3, making use of Taylor’s expansion,

g(t) = g0x) + (t—x)g'(x) + j(t —u)g”(wdu. (3.3)

Operating of ﬁﬁ i,b (.;x) operators to (3.3), we have

t
RE (gix) — g(x) = RS (t—x)g/ (x);%) + ﬁﬁ;z,b(j(t —u)g” (u)du;x)
X

n,a,b

t
— g R (£ xx) R [ (6wl (w)duix)
X

m+al,, X
ATToT,
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t
. n+ al .
:Rn’/a,b(J(t u)g” (u)du; x) (q[n—l—b] x—u)g" (u)du
X X
In view of Lemma 2.2 and (3.2),
t A
P, P.q " [n+a]P,q 7
Rnab(g;x)—g(x)‘ < Rn’,a,b(J(t—u)g (u)dw; x)| + (QWX—u)Q (Wdu
x x P4
[n+al
t [n+bJpq [ ]
n—+
<Ry (]t —w| o lawn + | ol
X X
N+ al ?
< RPA((t—x)2; Pa, .
HQ H{ nab X) X)+ q[n+bJp,qX X
Further, by (2.2), (2.3), and (3.2), we obtain
[REA (60| < [REA L (50| + 2171 < 11 RE , (15%) + 21 < 3]
Then,
P.q +alpq
RDA o (F5%) — 0] < [RRA 4 (F — %) — (F— 0) ()| + [R2:4  (g%) — g(x)| + [1(x) — #( x)
n+bl, 4

m+a,, \
<A4[f—gll+{RYG, ((t—X)z;XJJr((q—l)p'qx) q”
{ . o) (el

+w (f;(q —DWX) :

Over all g € C [0, 00) utilize the infimum on the right hand side by make use of (3.1) and for a constant

€ >0,9n(x) = ((a— D fprax) , nalx) = REA (£ =X)%x) + 8(x)?, then

)Rnab (f;x) —f(X)‘ <AK2 (M0 (x) (%)) + w(f; 90 (x)) < Cwa(f; vMn(x)) + w(f;dn (X)),

which ends the proof. O

4. Order of convergence of Rn ab (f;x) operators

In this section, by utilizing the ordinary modulus of continuity, we computed the order of convergence.
Also, to see the smoothness of approximation for a function g on Lipschitz class Lipm (¢), where M > 0
and 0 < ¢ < 1, we established the degree of convergence of the operators (1.3). Since

g(t) —g(x)| < MIt—x°, (t,x€R),

holds, then a function g belongs to Lipa (). Let C, [O o0) :={h: [h(x)] < Mn(1+x2), h is continuous,
),

)
My > 0} and C%,[0,00) := {h: h € C,2[0,00 hix)

hm oo 1+x2

< 00 }. On C; »[0,00), the norm and ordinary

modulus of continuity of h on [0, §] are given respectively as follows:

[h(x)]
1+x2

IRl =
x€[0,00)

and ws(hyn)= sup sup [h(t)—h(x)] &>0.
[t—x|<n x,t€[0,5]
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Theorem 4.1. Assume that f € Cgl0, 00), the sequences (pn ), (qn) are given as in Remark 2.4 and ws_1(f;m) be
its modulus of continuity on 0,6 + 1] C [0, 00). Then, for all x € [0, 00) the following relation

[RPp (0 = £(0)]| . < 6Me (14 82)1an () 4 205 11 (F; /han (X))
[0,8]
holds, where pn (x) = (1 —pngn) 8% + ﬁ
Pndn

Proof. Suppose that x € [0,6] and t > 6+ 1,s0t—x > 1, then
If(t) — f(x)] < Me(x® +12+2) < Me(Bx% +2(t —x)2 +2) < 6M¢(1+8%)(t —x)% 4.1)
Also, by x € [0,8] and t < 6 +1,

I£(8) — F(x)] < <1 + 't;"') wsa(fm), >0, (42)

Combining (4.1), (4.2), and for t > 0, x € [0, 3], we obtain

)= £ < Me(1+ 820t x2 + (142 ) g (), 43)

Operating RP™9"(;x) operators to both sides of (4.3),

n,a,b

anrqn(f; X) _ f(X) < Rp“’qn“f(t) — f(X)| ;X)

n,a,b n,a,b
1

1 2
< My (1 + S)RPA (£ — X)) + (1 ; nZRW“((t—x)Z;x)) wWes1(Fim).

n,a,b n,a,b

For x € [0,8] and by (2.5), since a,b,n € N, 0 < a < b, then %ﬂ < 1, thus we obtain

Pn.dn
M+ al? N+ al m+al? X
an/qbn((t_x)z;x) — (ann ;)Tl/qn _an Pn,dn + 1 X2 + q2 gn/qn
T m+bl7 .. M+, . "m+b 2 o MW q,
< (Pngn —2qn +1) 5+ q%l.
My, qn
2 5
n Pn,dn
= Hn(x).
Choosing 1 = y/pn (x), gives the proof. O

Theorem 4.2. Assume that the sequences (pn) and (qn ) are given as in Remark 2.4. Then, for all f € Lip,,({),
M > 0,0 < ¢ < 1, the following inequality

anrqn(f;x)—f(X) < M(Hn(x)) ’

n,a,b
holds, where .y, (x) is given as Theorem 4.1.

Proof. Let f € Lip,,(¢) and 0 < ¢ < 1. Since R4 (f;x), utilizing the linearity and monotononicity, then
we get

Rﬁ?éﬁg(fix) — ()| < Epnqu(—Ml,, g0 X)Z[k]pq!qn ?
k=0 ndn
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f( My, q, N+, )_ f(x)
dn

2
nl,, g M+l o

X

o0 )k k(k—1)

(] X
SMEp, g (=Ml 4. X)Z[k]]jmiqn,% :
k=0 Pn,qn’

f( kEk]pmqn m+al, o )_ fx)
dn

3
LT L L

G
X

Utilizing Holder’s inequality, then

‘RP“ An (. ) — f(x)’

n,a,b
2y §
— | (I, (Inly, g, X" )k k(1) Ky q M+, g,
S MEp, qn (=l q, % Z K] qn * K2 M+ b] -X
k= Pn, qn. qu Pn,dn q

2-¢
kK yux—1) 2
x {qu )} < M(RP™ A (£ —x)%x))%.

[k]pn,qn n,a,b
Taking pn (x) = RP™ G ((t — x)%;x), gives the proof. O

5. Approximation in weighted spaces

In this section, we determined the approximation features of the operators (1.3) on the weighted spaces
of continuous functions on [0, co).

Theorem 5.1. Assume that the sequences (prn,) and (qn) are given as in Remark 2.4. For all x € [0, 00) and
f € C},[0, 00), we have the following relation:

RPAn (£:3) — f(x)

li n,a,b 0
m su = U.
n—>ooX€[OEO) 1+x2

Proof. Considering to the Korovkin’s theorem which is given by [13], we have to show that operators (1.3)
fulfill the following three conditions:

‘ ’Rinaqbn .ts ) xS
lim sup 5 =0, s=0,1,2. (5.1)
n_moXE[O,oo) 1+x

By (2.1), for s = 0 the first condition in (5.1) is trivial. Also, from (2.3),

RP™ qn(t X)—X‘ [
n,a,b n+al X n+
sup < |qn Prdn 11 sup < |qn Prdn Iqn — 1
x€[0,00) 1+X2 [n—i_b}pnrqn x€[0,00) 1+X [ +bpnlqn
Then,
‘Rfl"aqb“ (t;x) — x‘
lim su =0.
n—>ooxe[o}zo) 14+x2
Analogously, from (2.4), we get
RD% (#5%) = | n+ al? 2 [+ al?
sup ; < fpndn—— 5= =1 sup ——— +|q, e sup T
x€[0,00) IT+x [Tl—l-b Prdn xE[O,oo)l+X [n]pn,q [Tl—i—b}p dn x€[0 ,oo)1+x
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< 1= pntnl+ ||
dn
Hence,
lim sup }R‘;“aq; e =0,
N300, C10750) 1+x?
which ends the proof. O

Now, we take the modulus of continuity (O(g;n) on weighted spaces for every g € C,[0, 00) as below

lg(x+h) —g(x)|
Q(g;n) = su
O<h<£x>0 1+ (x+h)?

Lemma 5.2 ([15]). Let g € C},(0, 00). The following relations are fulfilled:
i) Q(g;n) is a monotone increasing function of g;
ii) lim Q(g;n) =0;
if)  lira, (g;n)

iii) for A >0, Q(g;An) < 2(1+A)(1+n*)Q(g;n).

Theorem 5.3. Suppose that the sequences (pn) and (qn) are given as in Remark 2.4. Then, for all x € [0,00),
f € C},[0, 00), we get

[RPr8 (%) — () 1
sup = < KQ(f, ——)
x€1[0,00) (]— +X2)§ Spnrqn(n)

; _ 1
where K > 0 is a constant and 9y, 4, () = max {1 —Pndn, fp - } .
Proof. Let x € [0,00), 1 > 0, making use of Q(f;n) and by Lemma 5.2, we attain
(1) — F)I < (14 (t—x)%) (1+%%) Q(f; [t —x])

<2(1+ (t—x)?) (1+x2) <1+ It— . |> (1+12)Q(f;7). 62

Consider Rfl“aqg (1,x) = 1 and making use of monotononicity of RP™‘" operators, we get

’anqn(fx) f(x )‘ RPmAn (1£(t) — £(x);%)]).

n,a,b n,a,b

By (5.2),

RO (150 = £)| < 201 +m2)Q(Fm) (1+) {Rﬁ“aqg((u 't_"') (1+ (t—x)z);x)}
n

<2(14+12)Q(f;m) (1 +x2) {Rp“ an(1;x) 4+ RPV A (£ —x)%; %)

n,a,b n,a,b
1an dn . 1an qn 2.
Tl o t=xx) + o R (t—xl(t—x)%x) ¢ .
Next, utilizing the Cauchy-Schwarz inequality,
RP™An (£ x) — f(x )‘ <201 +1)Q(fm) (142 {Rp“ G (1;%) + R (= x)% x)

n,a,b n,a,b

+— \/Rﬁnaql: \/thnaqbn \/Rflnaqbn X)} :
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Also, from (2.5),

n+al’ n +al m+al? X
anaCIn((t_X)Z;X) = [ pnq Pn/dn —2q Pn,qn +1 x2 + q2 Pn,qn
n b nYyn [ + b]in’qn n [n + b Pn,qn n [Tl b]%)n,qn [n]pn,qn
2

< Ki0(p,, g, (M))(1+x%),

where K; > 0 and 9, 4, (n) = max {1 —Pndn, Since 11m 1 Prn = 1 and lim [n]

1
[n}Pn,qn } n—oo Pn,.dn
hence there consists a constant K, > 0 such that

RPvAn (£ —x)%x) < Ko (1+%7).

n,a,b

Moreover, by (2.6),

VRS (6= x%0) < Ka (1422)

1 K
ﬁ\/RE’;’fg((t—x)z;x) < ?40 <\/‘9pn,qn(“)> \/(1 +x2)

for K3 > 0 and K4 > 0. Then, we obtain

and

1 1
RO (F55) — 0| < 2014 )1+ 330 ———) {14 Kp (145
‘ nab 8pn,qn(n) /ﬁpn,qn(n) { ( )
K
~0 <\/19pmqn(n)> \/ 14+x2) +Ks (1+x2) <\/8pn an(n > \/ 1 +x2)} :
Taking n = /9y, q. (1), in above equation,
1 1 1
RPAn (£, %) — f(x)’ <201+ )(1+x3)Q(f; ———— )+ CKy (1+x7)°
‘ n,a, b 'Spn,qn(n) 8Pn,qn m) ( )
Thus, for ¥, 4, (n) <1, we may write
[RPm 4 (£%) — F(x)| .
sup el 5 < KQ(f; ——=),
x€[0,00) (1+x2)2 Vpqn (1)
where K =4 (1+ Ky + CKy + K;K3Ky) , which ends the proof. d

6. Voronovskaya type theorem

Theorem 6.1. Let the sequences (qn) € (0,1) and (pn) € (qn, 1] such that lgn Pn =1, liﬁm qn = 1 and
n o0 n o
lim pt =¢, lim q =d, by 0 < ¢, d < 1. Forany f € C3,[0, o) such that /£ € C7,10,00) we get
n—oo

n—oo

2
Tim [l (R (%) — (%)) = ooxf!(x) + (Bx;x)f”(x)

uniformly on the interval [0, A], A > 0.

Proof. Suppose that x € [0, c0) and considering f, f',f" € C7,[0, c0) and making use of Taylor’s expansion
formula, then

f(t) = f(x) + (t —x)f'(x) + %(t — %) (x) + Pt x) (t —x)2. (6.1)
Here, Y(t; x) is a form of Peano of the rest term. Since (.;x) € C},[0, 00), then tli_r>nlj)(t;x) = 0. Operating
RPAn (5 x) to (6.1), then we get,

n,a,b
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] g (RES () — £(x)) = Il o REAR (£ —x);5)F (x)
1
5 Il g RS (6= X208 () + Il g, REGE ((63) (=% %),

Utilizing the Cauchy-Schwarz inequality to last part of the above equality, it pursues that

RP™ A (4 (t; x) )< /RE 260035 [RE A (= X)), 6.2)
Considering (t;x) € C},[0, 00) and by Theorem 5.1, we get tlinmj)(t;x) = 0. Then,
—x

lim RP™ 9 (P2 (t;x); %) = P (%) =0 (6.3)

n—o0

uniformly on x € [0, A]. Combining (6.2), (6.3), and by (2.9), we get

lim [n] RPAn (4 (t; x) (t — x)%; x) = 0. (6.4)

n—oo  Pndn "M,ab

Consequently, in view of (2.7), (2.8), and (6.4),

i BXZ +x
nlggo [n]qun (thnaqbn(f x) —f(x )) = oxf'(x) + (Z)f”(x)’
which gives the desired result. .

7. Some plots

In this section, we compare the convergence of RP'? . (f;x) operators with the different parameters to
a particular function.

0.7

2510, 25,1011
0.6 0.6
05 0.5
0.4 04
03 03
0.2 0.2

0.1 0.1

(@) (b)

Figure 1: The convergence of R} ?l,b (f;x) operators to f(x) = xe~3 under the different parameters.
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In Figure la, we examine the convergence of RP'4 . (f;x) operators to the f(x) = xe™3 by keeping
the parameters n,a,b constant and increasing the values of p and q. It is obvious that, in view of

0 < q < p <1, as the values of p and q increasing then the convergence of the Rﬁ’,i,b(ﬂx) operators to

the f(x) = xe~ 3 becomes better.

In Figure 1b, we examine the convergence of Rf{,g,b (f;x) operators to the f(x) = xe™3 by keeping the

parameters p, g, a,b constant and increasing the values of n. It is clear that since the values of n are

increasing, then the convergence of the R?’9 | (f;x) operators to the f(x) = xe™3 becomes better.

Also, in Figure 1c, we examine the convergence of RE” i’b (f;x) operators to the f(x) = xe 3 by keeping

the parameters n, p, q constant and increasing the values of a and b. We have seen that if we choose the
natural numbers of a and b very close and large then the convergence of the RP'? | (f;x) operators to the

f(x) = xe~3 becomes better.
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