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Abstract

In the present article, we establish a link between the theory of positive linear operators and the orthogonal polynomials
by defining Bernstein-Chlodowsky-Kantorovich operators based on Gould-Hopper polynomials (orthogonal polynomials) and
investigate the degree of convergence of these operators for unbounded continuous functions having a polynomial growth. In
this connection, the moments of the operators are derived first, and then the approximation degree of the considered operators
is established by means of the complete and the partial moduli of continuity. Next, we focus on the rate of convergence of these
operators for functions in a weighted space. The associated Generalized Boolean Sum (GBS) operator of the operators under
study is defined, and the degree of approximation is studied with the aid of the mixed modulus of smoothness and the Lipschitz
class of Bogel continuous functions.
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1. Introduction

Chen et al. [12] introduced a new family of generalized Bernstein operators based on a parameter
B € [0,1] and established a new proof of the Weierstrass approximation theorem besides discovering the
shape preserving properties such as convexity and monotonicity of these operators. Kajla and Acar [18]
constructed a Durrmeyer modification of the operators defined by Chen et al. [12] and obtained some
local and global approximation results. Baxhaku and Berisha [8] introduced the Szdsz-Chlodowsky op-
erators involving Gould-Hopper polynomials and established simultaneous approximation properties of
these operators besides the results on weighted approximation and statistical convergence. Ana et al. [1]
presented a new class of bivariate operators and also defined the associated generalized Boolean sum
operators. Recently, Ana et al. [2] gave the representations for the inverses of certain positive linear
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operators and also found the Voronovskaja type formulas for the inverses of these operators. Agrawal
and Ispir [4] considered a linking of the Bernstein-Chlodowsky polynomials and the generalized Szdsz-
Charlier type operators. For some other related papers in this direction we refer to [3, 19] etc. Inspired
by this work, in the present paper we consider generalized Bernstein-Chlodowsky-Kantorovich opera-
tors blended with Gould-Hopper polynomials as follows. Let {am,}7; 1, {bm,}},—1, and {cm,}%,_; be
unbounded sequences of positive real numbers such that

b 1
lim ™ —0  and “‘2:1+o<

, asS My — 0OQ.
mp;—0oo My Cm, Cm,

Thenfor0 < B <1, ¢ € C(I aml) = {cl) ‘la,, R ’ ¢ is continuous}, la,, ={(yz):0<y<am, z=

0}, we propose

le,mz(d)(tl/tZ);y/ Z’) - M Z Z pm1 k< )

dm, j=0 k=0
a+1 (b h) (5+1) [k+1)am1 (1‘1)
b —h g) mzz/ cmy mq+1
x e PmpZ . _ kamy d(tq, tp)dtdty,
]. CJTT; mq+1

where
NI DS ALt W T R ST I R £ A WA I R SRS T
ml,k am1 k am1 aml k - 2 aml aml
F(We() ()" e
k (lm] am] 7 = &y

and the generating function for Gould-Hopper polynomials is defined as

htd+1 d+1 t*
Z g (M) h=0,

The present article deals with the approximation degree for the operators given by Eq. (1.1) using the
classical approach of modulus of continuity and the Peetre’s K-functional. Weighted approximation and
the approximation of functions in a Bogel space are also investigated.

2. Preliminaries

Lemma 2.1. Let ep q(t1,t2) = t1P129, p,q = 0,1,2,.... The raw moments of the operators R, m,(.;y,z) are
given by the following identities:

le,mz(eO,O}UIZ) = l/ (1)

mq a ..
le,mz(el,o;ylz) = my + 11.4 + Z(m:’:- 1)/ (11)

2
mp > M1+2-2B/( am, y my Qm,
mi,m2(€207Y,2) (ml—i-l)y + m;+1 m;+1 Y Qm, +m1+1 my+1 y (i)
i :
3\my+1/ 7

1\ / am \° m oy \, miE2-2p y y
R y,z) = = 1 1+4 6 1=
mi,mp (63,0 Yy Z) <4> <m1 4 1> < T4y Qm, +omy am, + Tnl2 am, am,
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3 2
(@ EFRE L)
Clm1 am1 aml
my+6—6p
+< my? )(am)( >< aml>}>’
4
) {2 B () - )
+10nu3{(y>34— hn1+2 25)( y )2(1 y)
Gm, Amy Am,
m+6—6B/ y
g <am1>(1—a -2 ®
ramt{ () o () (1 )
Amy amy A,y
pAm B8 Y Y (3 ) o
my Qm, G, my?
+12(my —6)(1 ]( )(1 _ >
)=

+ (my + 14— 14p) }(

bm h(d+1) )

R Y,2) =z
my,m, (€0,1;Y,2) Zsz + o + Zsz (vi)
1 ..
Rm,,m,(€02;Y,2) = e <1+3{bmzz+h(d+1)} (vii)

2

{b2 22 +bm,z(2h(d +1) + 1)+h(h+1)(d+1)2}>,

Rimy,m,(€03,Y,2) = TSR {1+4(bmzl+h(d+1))+6(bm2z+h(d+1))2+4(bm2z+h(d+l))3 (viii)
+6(bm2y+h(d+1)2)(1+2(bmzz+h(d+l)))+4(bmzz+h(d+1)3)},

(ix) Rmym, (€045 Y, 2) = 641{; + (bmyz+h(d+1)) +2(bmyz+h(d+1))? +2(bm,z+ h(d +1)?)
+2(bm,z +h(d +1))> + 6(bm,z + h(d + 1)) (byyz + h(d +1)?)

(bmyz+h(d+1)%) + (bm,z + h(d +1))* (ix)

+6(bm,z +h(d+1)?)(bm,z+h(d+1))?

( ( ))(b

bm,z +h(d+1))(bm,z+h(d+1)%) +3(bm,z +h(d +1)?)?

++

+wmg+hm+nﬁ}

By simple computations, we obtain the identities from (i) to (ix) hence the details are omitted.
As a consequence of Lemma 2.1, we have the following.

Lemma 2.2. The central moments of the operators R, m, are given by Eq. (1.1) verify the following equalities:

1 a
R ma((t1 = y)iy,2) = 5= 2, M
b h(d+1
Rm1,mz((t2 - Z‘);y/ Z‘) = 2 + Z((:TTLZ - 1> + (C), (2)
my my my
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1/ a 2 a m;+2—-203 y 1 y?
R t1—y)%y,z) = = i Ll 1 1-— — ,+——, (B
2b b, \ 2 2bm,(14+h(d+1)) 1+42h(d+1
le,mz((tz—l)z}y,l):Zz{]-_m+<m> }+Z{ mz( +2 (d+ ))_ +2h(d + )} ()
Cm, Cm, sz Cm,
1 1
—1—2(h(d+1)((h+1)(d+1)+1)+>,
Con, 3
R ((t1 — )3. z)—l am,y 3_|_ 1 dm, ’ _§ Gm, 1 2
myme W= Y)Y, 2) = my +1 m;+1\m;+1 L) my +1 (ml+1)2y
3 m+2-2B\ am, ( Yy > 2
_ 1— 5
m1+1< mp;+1 >m1+1 am, Y ()

+§ Qm, 2 my+2-—2f3 -9
2\mq+1 mp +1 Y m,
+m1+6—6(5< Qm, >2y<1_ y ><1_ zy>_ y?
my+1 my+1 Am, Qm, (mg+1)%

b 3 /3h(d+1) (b 2.9 (b bm, 1
R t—2%y,z2) = —2-1) 2 =2 -1 o) (=237
m1,m2(( 2 Z) Yy Z) (sz ) z'+ ( Cm, Cm, + 2Cm2 Cm, Cm, 3 ‘

14 +24h(d+1)+12h(h+1)(d+1)2
bm2< 1.3 >z
_ <1+3h(d+1)((h+ 1)(d+1) +1))Z

sz

N (1+4h(d+1)+6(h2+h)(d+1)2+4h(d+1)3(1+3h+h2)>
4cm,’ ’
1—20m; —60(1 — &) +3m? +12(m; — 6)(1 — «)
Rin,,m, (1 _9)4/'9/1) = ( ' (4 +11)4 : >y4
+< Am, >(—1+40m1+120(1—[3)—24(m1—6)(1—[3)> 3
mp+1 (m1+1)3 Y

( am, >2<9m12+33m1+90(1—[5)—24m1[5> 5
m;+1 (m1+1)2 Y

3 4
Om, m;+5(1—p) 1/ am,
6 -1 — ,
+(m1—|—1> < m;+1 y+5 mp +1

4 3 2
Rin,m, (2 —2)%y,2) = (bmz—1> zt+ z {(4h(d+1)—2)<b‘“2—1) +6bm<bmz—1> }

sz sz sz Cm2 sz

)

22 b 2
+— x{( mz) (27 +6h(d+1)((h+1)(d+1)+1))

sz Cm2

_ <bmz> (14 +12h(d +1)(2+ (h + 1)(d+1)))}

sz

+ bm24(6+14h(d+1)+12h2(d+2)(d+1)2 (8)

sz

+4h?(h+1)(d+1)°+12h(d+1)%)z

L - <1 +4h(d+1)+6h(h+1)(d+1)>+4h(d+1)*(1 —|—3h—|—h2)>y

sz

1 /1
+— <5 +h(d+1)+2(h+1Dh(d+1)* +2(d +1)*(h® +3h? + h)
mp
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+(d+1)*h+7h2+6h> + h4)>.

Remark 2.3. Using Lemma 2.2, for all (y,z) € Iaml and sufficiently large mj, mp, we get

a
lermz((tl _y);y/Z) = O( _— > (1 +U)/
my
1
le,mz((tZ_Z);y/Z) = O( >(1+Z)/
Cm2
a
le,mz((tl —y)z}yzl) = O( — ) (1 +U +y2)’
my
1
Ry ma (12 — 2)25y,2) = 0( )(1+z+z2),
Cm,
2
a
Riny,ms ((t1 =)%Yy, 2) =O< n:?) )(Hy +yP+yd),
1
Rimym, (12 —2)%5y,2) = O<2> (1+z+42242%),
2,
a 2
Rm,m, ((t1 —y)%vy,2z) = O( n:;l) )(1 +y +y2+y3+y4),
1
Rinym, ((t2 —2)%y,2) = O<c2> (1+z+22+28+24.
my

3. Main results

Let us define the spaces: CB(Iaml) = {d) € C(Iaml) ‘ ¢ is bounded} and ag(laml) = {CB(Iaml) o)

is uniformly Continuous}. For ¢ € Cg(la,, ), let the norm be given by

bl = sup [dbly,z]].

(y,z)elaml

Further for ¢ € Cp (Ia,, ) and any & > 0, the total modulus of continuity is defined as

@(038) = sup {013, by 2 (910, (42) € T, and /vyt w2 <5,

and the two partial moduli of continuity are given by

0 (¢;8) = sup {|¢(v,z) ffy, 2z € 0,00) and —y| < 6},

and
w® (¢;8) = sup {If(y,u) —f(y,2)l;y €0, am,] and lu—z| < 6}.
It is well known that the above moduli of continuity possess the properties similar to the usual modulus

of continuity. In our further study, we assume 8, +(Y) = Rm,,m,(V—Y)";Y,2), Hm,r(2) = Rmy,m, (v —
z)";y,2),r=1,2,3,...,and

Nj—
Nj—

Vmy,m, (U/ z) = {le,mz((\’ - U)Z}U/ z)+ le,mz((u - Z)Z;y, zZ)}2 = {6m1,2 (U) + Hmz,Z(Z)} .
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Theorem 3.1. Forall (y,z) € 1q,, and ¢ € Cs (Ia,, ), there follows the inequality

Ry, me (059, 2) — d(y, 2)] < 20(d; Ving,m, (Y, 2)).

Proof. Applying the definition of total modulus of continuity, Lemma 2.1 and the Cauchy-Schwarz in-
equality, for any & > 0, we obtain

|Rm1,m2(cb;y/ Z) - d)(y/ Z)| < le,mz(|¢(\’,u) - d)(yrz)|;y/ Z)
< Ry a0/ (v —y)2 + (w—2)2);y,2)

(035 Ry ms (14 /0 U+ (a2 2)

<

s

- 1 1
< @038) (14 §{Rm, (=9 + (w250, 2)1) ).
Now, choosing & = Vm,,m, (Y, z), we get the desired result. O
Theorem 3.2. Forall (y,z) € Lo, and ¢ € CNB (Iaml ), there holds the following result:

Rongma (039, 2) — d(y, 2)] < 20wV (;82, () +w (3 12, ,(2)):

Proof. Using the definition of partial moduli of continuity, Lemma 2.1 and the Cauchy Schwarz inequality,
we are led to

|Rm1,m2(d);yfz) - d)(UzZN < le,mzu(b(vl u) - d)(yl Z)|}U/Z)
< Rm1,m2(|¢(vr LL) - ¢(y/u)|}yz7~) + le,m2(|¢(U/u) - ¢(UIZ)|}U/ Z’)
< w(l)(d)/ 51)Rm1,m2 (1 + |v6_1y|}yzl> + w(ZJ((I)I 62)Rm1,m2 <1 + |u6_2 Z|;y/Z>

<w(¢;81) [1 + z;\/le,mz((v—y)z;yrZ)}

+ w(z)(d), 62) |:]_ + zi\/le,mz((u—z)Z;y,z)] .

1 1
Choosing &; = 672111/2(14) and &; = pfnﬂ(z), we reach the desired result. O

Lipschitz Class: For 0 < &, & < 1, the Lipschitz class Lip,, (&1, &2) for a function of two variables is
defined as
Lipp (&1, &) ={b € Cp(la,, ) : [b(v, 1) — by, 2)] < MIv —y[*fu— 2|,
where (v, u), (y,z) € la,, and M is a positive constant.
Theorem 3.3. Forall (y,z) € Lo, and ¢ € Lipy, (&1, &2), we have

& &
2

|Rm1,m2(¢;y12) _Cb(y/Z” < M 5m1,2(1—l) HEZ,Z(Z)/ 51/ E»Z € (0/ 1}
Proof. By the hypothesis
Ry, ma (§51,2) — &y, 2)] < Ry mi, (10(v, 1) — d(y, 25y, 2) < MRy m, (v —y| 5w — 21525y, 2).
2

Applying Holder’s inequality with q; = E%’ T = 2E7£1 and q2 = ¢
get

T2 = 272752’ in view of Lemma 2.1, we

3 2-&

(le,mz (1/1:;,/ Z))T

SN

‘le,mz(d)}yz z)— ¢(U/Z)| < M(le,mz (v _U)Z;UIZ)

N‘,{,"

& &
3

2-& &
X le,mz((u_z)2;ylz) le,mz(l;y,z) <M 5m1,2(y) anlzlz(z)-

This completes the proof. O
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In the following theorem, we obtain the degree of approximation for ¢ € Ck(Iq,, ), the space of

mp

bounded and continuous functions in Iq,, whose first order partial derivatives are bounded and contin-
uous in Iq,, , ie., Cy(la,, ) :={d € Cp(la,, ) : dy, ¢} € Co(la,, )}

Theorem 3.4. Let ¢ € C}g(lam] ). Then for each (y,z) € la,, , we have

1 1
Runy,mo (59, 2) — by, 2) < (41185, 2(Y) + [|Z ][k, 2 (2)-

Proof. Since ¢ € ClB (Iam1 ), we get

v u

d, (tr, w)dty +J d1, (Y, t2)dto.

z

(v, 12) — ly, 2) =j

Yy

Hence, applying Cauchy Schwarz inequality and Lemma 2.1, we obtain

|Rm1,m2(¢(v,tz);y,z)—¢(y,z)|<Rm1,mz< + [t wian

a%
J b, (t,u)[dty ;y,Z)

Yy
a% 1w
J dt J dt, ;y,z)
Yy z
< % 1y Ry ma (v = Y1259, 2) 1041 Ry o (0 — 2125, 2),

which leads us to the desired result. O

< ||d);| Hle,mz( }U,Z> + 1% IR my,m, <

Peetre’s K-functional: Let us define C%;(Iaml) = {cb € CB(Iaml) L 8 o CB(Iaml); 1<i+j< 2},

%
> " H 0yoz

with the norm given by

iy
oyt

otd

ozt

i

2
Hd)HC%(Iqml) = ol +Z <'
i=1

For ¢ € CNB (IaTnl ), the Peetre’s K-functional is defined as

K@is1= it {1o-el+5lelcy,, 5 >0}

©EC] (Tam,
From [11] it is known that
K($;8) < Mi{da(d; v3) +min(1L, 8)|| b1}, (3.1)

holds true V & > 0, where M is a positive constant that does not depend on & and ¢, and d,(¢;d) is the
second order modulus of continuity for a function of two variables.

Theorem 3.5. For ¢ € Cg (La,, ), the operator which is given by Eq. (1.1) satisfies the following inequality

|Rm1,mz(¢;y12) - d)(y/Z” < M{wZ(d); le,mz (y/ Z)) + min(l, le,mz (y/ Z))H‘b”} + (AU(d)/ Tmy,my (UIZ))/

where

G a4, 2) = {6m1,2(y) 8201 (0) + ima2(2) + 10,1 (2) + /B, 2 ()1 bimg 2(2) + 81y 1 () |um2,1(z)|},

and

T s (U,2) = /81 (4) + 12, (2).
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Proof. Let us describe an auxiliary operator as follows:

mry Am, 1 +me2 + h(d+ 1)

R* 'Y, =R 'Y, - ’
my,m, (07Y,2) mi,ma (67Y,2) d)<m1 +1  2(my+1) " 2cm, Cm, Cm,

> +dy,z). (B.2)

Clearly Rj, )

Ty,m, 1S a linear operator and in view of Lemma 2.1,

Rfr(nl,mz (1;y/ Z) = 1’ R;L],mz((tl - y);y/ Z‘) = OI R:TH,mz((tZ - Z);ylz) = 0 (33)
Let @ € C%(Iaml) and (y,z) € lq,,, be arbitrary. Then by Taylor’s formula for two variables,

(p(tlltZ) - (P(U/Z) = (p(tll Z) - (p(glz’) + (p(tlltZ) - (‘P(tll Z)

d¢(y,2) J“ %p(v,z) d¢(y,z)
= (t1 — t1—v)————=d t —
(t1 —y) oy + , (t1 —Vv) 302 v+ (t2 —z) 32 (3.4)
b2 %p(y,u) Y2 92¢(v,u)
t) —u)———2d — “dvdu.
+L (tp —u) 302 u+L L Jvoy  dvdu
Let

omyy Qm, 1 bm, h(d+1)
am, (Yy) = —_ + 2(my + 1) and Bm,(z) = 2ems +sz2 + —

*
mq, My

Now applying the linear operator R (;x,y) on both sides of Eq. (3.4) and using Eq. (3.3), we have

* ty aZ(P(V,Z)
Yy

ts az U
+ Ry ms J (tz—u)(p(i%)du;y,z
2 ow

TR e, u)
R* —_ v . .
+ ml"“z(Jy L U dvdu,y,z)

Then using Eq. (3.3), we obtain

R;ll,mz((p(tlltZ);y/ Z) — (P(U/ Z)
t aZ v,z Kmy (y) az v,z
:Rm1,m2<J (tl—\))(g(vz)d\/;y,2> —J (o(ml(y)_\))(p()dv

2
Yy y ov

t 2 Bm, () 2
+Rm1,mz<J (tz—u)a(p(y'u)du;y,z> —J <ﬁm2(2)_u>a(p(y,u)du

2 2
z au z aLL

bt az(p(\) U.) (Xml(y) Bmz(l) 62@(\) u)
R —_~—dvdu;y,z | — ———dvdu.
* mmm(L L ovou ey Z> L L ovou T
Hence,
IR, m, (@1, 12);Y,2) — @(y, 2))|
t %op(v,z otmy (y) Zop(v,z
< le,m2< J [t — V| ('2)5;2) dv ;y,z> + J lotm, (y) — v (giz) dv‘
y y
1%) az ,u Bmz(z) az ’u
z z
21320 (v, u omy (Y) (Bmy(2) |52 v,u
+ Rm1,m2< J J gi}(au)‘d\)du;yrz > + J J g’i)(au)‘d\)du‘
y Jz y z
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< {61111,2(9) + 8% 1+ my2(z) + 1, 1 (2) + \/ Om, 2(y) \/ Hm,,2(2)

#maa () e (21 ol o,
= G (W 20l (1,
From Eq. (3.2) and using Lemma 2.1, we get

R, m, (@ (11, t2);y, 2) < 3l (3.5)

For ¢ € CAZ];(Iaml) and any ¢ € C%(Iaml) using equations Eq. (3.1), Eq. (3.4), and Eq. (3.5), we get

Riny,ma (0;Y,2) — by, 2)| = ’IRInl,mz(dxy,Z) — &y, 2) + dlam, (Y), Bm,(2)) — d(y, 2)

< +

Ree. s (6 — @), 2)| + [Ri, m(079,2) — @(u,2)| + ]@(y,z) (.2

+ 'd)(ocml (Y), Bmy(2)) — d(y, z)

< A4 — ol + le,mz(y,ZJIIcpHcé(Iuml) + d)((b; \/53111,1(9) + u%nz,l(Z))-

Now taking the infimum on the right hand side over all ¢ € C% (Ia,, ), we obtain

[Rmym, (95Y,2) — &y, 2)| < 4K(d; Gmym, (Y,2)) + (dx Tmy,m, (y,Z))

Finally, using the relation between the Peetre’s K-functional and the second order modulus of continuity
given by Eq. (3.1), we arrive at

Runyma(03,2) — d(y, 2)] < M{wz(cp; Comma(92)) + min{L, Cony g (y,z)}||¢||} + (q>,- S (y,z)),

which completes the proof of the theorem. O

4. Weighted approximation

In this section we consider the approximation of functions in a weighted space by the operators defined
by Eq. (1.1). Let By :={¢ : Ry x RJ = R | [$p(y,z)| < Mg p(y,z)}, where Rj = [0,00), M, is a positive
constant depending only on ¢, and p(y, z) = 1 +y? + 22, with the norm

f V4
Iollp = sup W2l

(y,Z)GRJ % RO+ p(U/ Z)

Let C, ={d € B, : ¢ is continuous} and

C?) = {d) € Cp: lim Iy, 2)l exists ﬁnitely}.
v (y2+z2)— o0 p(y,z)

Forall ¢ € C% and 91, 82 > 0, the weighted modulus of continuity [17] is defined by

fly+ki,z+k) —fly,
Qp(d)/ 61/ 62) == Sup Sup | (y + 1 Z+ 2) (U Z’)|
(yz)ERE xRS 0<|ki|<81,0<ka| <52 p(y,z)p(ky, k2)
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From [17], it is known that for any 61,82 > 0

Pt ta) — oy, 2)] < 4(1 412 +22)(1+ 82)(1+ 62) (1 f —y)2> (1 ; '“‘”')

d

! (4.1)
2 [to — 2| .
x [ 14 (tp —2) 1+ 5 Qp(d;81,82).
2
Let us consider the positive linear operators C,, m,, defined by
Rm m; ((b;U/Z)/ lf (UIZ) E Ia d 7

C ;y,z) = v ) e 4.2
ma,ma (679, 2] { dly,2), if (y,2) € RY X RE\ Lay dn,, *.2)

where Iaml,dmz ={(y,2);0 <y < am,, 0<z<dn,}, and (dm,) is a sequence such that

lim dm, = 0.
my—00

Then applying the Korovkin type theorems given in [14, 15] we get following theorem.
Theorem 4.1. For the sequence of operators given by Eq. (4.2) and ¢ € C%, we have

lim ||Cm1/m2¢_¢”p =0.

my, My —00

Theorem 4.2. If ¢ € CY, then for sufficiently large mq, my, the inequality holds:
IRmy,ma (47, 2)

— 1
up 5¢(y,z)|<mp<¢; ﬁam,\/>>,
(y,z)ERY xR (p(y,2))2 my -\ Cmy

where C is a positive constant independent of my, mp and ¢.

Proof. From the inequality (4.1), for 81,6, > 0, we have

b (ty, t2) —q)(y,z)| <4(1 +y2+22) <1+ (tq —y)2+ (tz—Z)2+ (tq _U)Z(t2_z)2> <1 + |t16_1y|)

y (1 N 'tzéz Z') (14 83)(1+ 53)Qp (¢ 51, 52).

Now, applying the linear operator Ry, m,(.;y,z) on both sides of inequality, in view of the positivity of
this operator we get

1
Rinym, (1, t2;y,2) — by, 2))| < 4(1+y? +2%) [1 + ale,mz(ltl —yly,2)

1
+ glle,mz <|t1 —yl(t —y)z;y,2> + Rimy,m, (11 —y)z;y,ZJ}

1 1
X |:1 + ngl,mzutZ - Z|;1J/ z) + ngymz <|t2 —z|(t2 — Z)Z;y/ Z)

+ le,mz ((tz —2)2;y, Z>:| Qp(d),' 51,82)(1+ 6%)(1 + 5%)

Now, using the Cauchy-Schwarz inequality, we get

1
Ry ma (b1, 127y, 2) — b(y, 2))] < 41+ +27) [1 5y Rmumal(6=U)29,2) R (61 =99, 2)
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1
+ a\/le,mz( - ;U; \/le mz ,U, :|
1
X |:1 + 672 \/Rm1,m2((t2 - Z)Z}U/ Z) + le,mz((tZ - Z)z;y/ Z)
1
+ g\/le,mz U/ \/le m2 y/ :|

x Qp(d;81,82)(1+ 6%)(1 +83).
In view of the Remark 2.3, we are led to

Ry, ma (D11, 123y, 2) — by, 2))l < C(1+y? +2°)(1+87)(1+ &)

1 a a
1 o) (1 4+ (=) 2
[+51\/< 1>( +y+y)+(ml>( Fyry
1 Am, 2 am, 243 4}
+51\/< 1)(1+y+9)¢<ml)(1+y+y +y°+y?)
[1+ 1\/< ! >(1+z+z2)+< ! )(1+z+z2)
62 Cm, Cm,
1 1 1
+5\/< )(1+z+z2)\/< >(1—l—z+zz+z3—|—z4)]Qp(¢;61,52).
2 Cm, Cm,

1 1
2 2
Now, taking & = <aml) and &, = (cl) , we obtain,
my

mq

Ry, (0 (1, 121, 2) — (v, 2)) < C(1+y2 +22)2 Q,(d; 81, 52),

which leads us to the desired result. O

5. Approximation by associated GBS operators

The concepts of Bogel continuity and Bogel differentiability were introduced by Bogel ([9, 10]). Do-
brescu and Matei [13] established the convergence of the Generalized Boolean Sum (GBS) of the Bivariate
generalization of Bernstein polynomials for the Bogel continuous functions. Badea et al. [6] gave the “test
function theorem” for Bogel continuous functions. A Shisha-Mond type theorem for Bogel continuous
functions using GBS operators was derived by Badea et al. [5]. Badea and Cottin [7] established Korovkin
type theorems for GBS operators. For a detailed account of the research work in this direction, we refer
the readers to the book [16] and the references therein.

B-continuous function: Let Y and Z be any two subsets of R then a mapping ¢ : Y x Z — R is called a
B-continuous, i.e., (Bogel continuous) function at (y,z) € Y x Z if and only if

lim Af[(tlltZ) (U/ )] _O/
(t1,t2)—(y,2)

where

Adl(ty, t2); (Y, 2)] = d(t1, t2) — d(y, t2) — (11, 2) + by, 2)

is known as “mixed difference” of ¢. Moreover, ¢ is called a B-continuous function in Y x Z if it is
B-continuous at each point of Y x Z. The space of B-continuous functions is denoted by Cy, (Y x Z).
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B-bounded function: A function ¢ : Y x Z — R is called Bogel-bounded on Y x Z if 3 M > 0 such that

A St t2); (y, 2]l <M, V(y,z), (ty, 1) €Y X Z.

Let B(YX Z)={p:YXxZ—R|Pisbounded} and C(Y x Z) ={dp:Y x Z— R | ¢ is continuous} and
the norm in B(Y x Z) be defined by

[$llo = sup (Y, Z)I.

(yz)eYxZ

Uniformly B-continuous function: A function ¢ : Y x Z — R is said to be uniformly B-continuous in
Y x Zif forany e >0 3 & =8(e) > 0 such that |[Ad[(t1, t2); (y, z)]| < € whenever [t; —y| < b, [t2 —z| <},
(t1,t2), (y,z) € Y x Z.

Let Cp, (Y x Z) denote the space of uniformly B-continuous functions on Y x Z.

B-differentiable function: A function ¢ : Y x Z — R is called a Bogel differentiable function at (y,z) €

Y x Z if
li Ad)[(tl/tZ) (U/ )]
m
(tit)—(y,z) (t1 —y)(t2 —2)

exists and is finite.
The limit is said to be the B-differential of ¢ at the point (y,z) and is denoted by Dg(¢;y,z) and the
set of all Bogel-differentiable functions is denoted by Dy, (Y x Z).

Mixed modulus of smoothness: The mixed modulus of smoothness of ¢ € Cy (Y x Z) is defined as

wmlxed(q)/ d1, 62) = sup | A cb[(tll tZ) ( )]| |1J _t1| d1, |z —to] <

for all (y,z), (t1,t2) € Y x Z and for (81,82) € (0,00) x (0,00). It is known that the mixed modulus of
smoothness Wmixed ($; 81, 02) satisfies the following property,

wmlxed(q)/ }\161/ )\252) (1 +7\1)(1 +)\2)wmixed(¢; 61/ 62); }\1/ 7\2 > 0. (51)
For any ¢ € Cb(Iaml), we define the GBS operators R}, ,,,, associated with this operators Ry, m, as
follows:
d+1
m;+1 > M _ g9 (bm zZ, h)
R:‘nl mz(d)(tl/tZ);y/ ) - m2 Z Z ml k bmzz h%
dm, j=0 k=0 mi ):
(k+1)aml (+1)
mq+1 cm.
x J(k)arln J - <¢(t1,7~) —¢(ty, t2) + ¢(U,t2)> dt;dty,
m1+1l an12
0<y<am and z > 0. Itis clear that R}, ,, is a linear operator.

Lipschitz class: For 0 < &;,&, < 1, the Lipschitz class Lip}, (&1, &) of B-continuous functions is defined
as Lipy (&1, &) = (¢ € Colla,, ) @ 1AL, t2); (Y, 2)]] < My —yl&t, —z|‘52}, for some M > 0 and

(t1/t2) (y/ ) S Iam
The following tlheorem provides the degree of approximation by the operator Ry, ..., ($(t1,t2);y,2) for
the Lipschitz class of Bogel continuous functions.

Theorem 5.1. For ¢ € Lipy, (&1, &2), there holds the following inequality:

&

|Rm1 mz(d)(tl/tZ);yl Z) - d)(yl Z)| Mé’r?l,l 2( )HZ;,Z(Z)/ ‘El/ EZ € (OI ]-]
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Proof. From the definition of the operator R, m,(d(t1,t2);y,z), for any (y,z) € la,, , we have

R;'Ll,mz(d)(tll‘tZ);y/ Z) = le,mz (d)(tllz) + ¢(U/t2) - f(tll tZ);y/ Z> .
By the definition of mixed difference of ¢,

Ad[(ty,12); (y,2)] = d(ty, t2) — d(y, t2) — d(t1, 2) + d(y,z), or
by, t2) + d(ty,2) — d(t1, t2) = by, z) — Adl(t1, t2); (y, z)].

Applying the linear operator Ry, m, on both sides of the above equation, in view of Ry, m,(1;y,z) =1,
we obtain

le,mg <d)(tll Z) + (I)(y/ tZ) - ¢(t1/t2);y/ Z‘) = (I)(y/ Z‘) - le,mz <A¢[(t1/ tZ)/ (9/ Z)J,y, Z>
ofr,
R, m, ((t1,12);Y,2) = ¢y, 2) — Riny,m, <A¢[(t1,tz); (yIZ)];y,Z>,

which implies that

R, ma (@11, 12);Y,2) — $(y, 2)| < Ry m, (1A ({11, 12); (y, 2)] Y, 2). (5.2)

Since ¢ € Lipy, (&1, &2), we get
Reu s (41,129, 2) — by, 2) < M Ry oms <|t1 - z|£2,-y,z)
< M Ry m, <It1 —ylal;y,2> Riny,ms (tz — ZIEZ;y,Z>-

Now using Holder’s inequality with q; = é%' T = 2_2—&, qp = ‘%, T = 2_2—&2, and Lemma 2.1 we obtain

Il

1 2-&

3 i
|R:n1,m2(d)(t1/ tZ);y/Z) - ¢(U/Z)| < Mle,mz <(tl —9)2/1_4, Z) le,mz (eo,o;y/ Z)

2

2-¢&,

2

2
2
X Rmy,m, ((tz — Z)z;y,2> Rimy,m, <€0,0;y,2>

&1 &

< M5n711,2(y)u€2,2(2),
completing the proof. O

Theorem 5.2. For any ¢ € C},(Iam1 ), at every point (y,z) € la,, , the operator R, ., satisfies the following
inequality

Rivy s (059:2) ~ 000, 2) < domie (051/5m 200, rmaal) )

Proof. Using the property Eq. (5.1) of the mixed modulus of smoothness, we have

t1— tr—z
80t 12) (9,201 < wmpeal i1yl =2 < (14 58 (14 2o oattisn s 69
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for any (t1,t2), (y,z) € la,, and for any 4,8, > 0. From Eq. (5.2) we have

R ma (959,2) = &y, 2)| < Ry m, (1A0[(11, £2); (y, 2);y, 2).

Hence using Eq. (5.3) and applying Cauchy-Schwarz inequality, we get

1
|RTT‘L1 mz(d)/y/ Z‘) - (b(y/Z’N g [(le,mz(eo,o}yzl)) + a\/le,nn( /y/ \/le mz Z)Z;y/ Z)

1
+ &Tz\/lelmZ((tl - U)Z;y, Z)le,mz ((t2 — Z)Z;U’ Z):| Wmixed <(j), 51, 52>

< 4(Urnixed (d)/ 61/ 62) ’

1 1
which leads us to the desired result on choosing &; = 512111,2(13), o = P"fnz,z(z) and using Lemma 2.1. O
Theorem 5.3. If the function ¢ € Db(Iam ) with Dgd € Cyp (I ﬂB am, ), then for every (y,z) € Iaml/ we
have

a
R, ma (P11, £2);y,2) — by, 2] < M<||Db¢||oo + Wiixed (DB ; n:? ,

sz
Proof. Since ¢ € Db(Iam1 ), we have
Adl(ty, t2); (y,2)] = (t1 —y)(t2 —z) D d(v,u) (5.4)
withy <v<t and z < u <t Since
DB(I)(V,‘LL) = ADB(I)(V,LL) + DB(I)(V/Z) + DB(b(U/U) - DB(b(U/Z)/
and Dg¢ € B(Iaml ), from (5.4), we can write
|Rm1 mz(Ad)[(tl/ tZ)/y/ )| - |Rm1 mZ((tl _U)(tZ - Z)DBCb(V/ u)/y/ Z"
<RY, m, (1 =yl [t2 — 2l [ADp b (v, 1)y, 2)
+ Rl ms (It1 —yllt2 —z[ (D d(v,z)
+ Dybly,u) —DBda(g,zm;y,z) 55)

< Rh,m, <|t1 —Yllt2 — z|wWmixed (DB d; IV —yl, [lu — ZI);y,Z)
+ 3IIDB $llooRTn, m, (11 —yllt2 — 25y, 2).
Since the mixed modulus of smoothness wpixeq is @ non decreasing function, we have

[t) —z|
2

Wixed (DB O; IV —yl, 1 —2|) < (1 + [t 5 y|> <1 + )wmixed(DBd>}51,52), (5.6)

for any 61,82 > 0. From Eq. (5.2), we have

IR, ma (((t1, 12);Y,2)) — (Y, 2)| = Ry m, (Ad[(v,w); (y, 2)];y, 2)],
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hence using Eq. (5.5) and Eq. (5.6) and applying Cauchy-Schwarz inequality, we get

|Rm1 mp (Cb((tl/ t2

[||DB¢||OO\/7\/> FW 5 (o \/Tm
v (o) s () (cm)}w‘“‘*e‘*(DBd”\/m \/>

in view of the Remark 2.3. Now, choosing 81 = 4/ %“11 and &, =, /%, we obtain the desired result. O
my
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