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Abstract

Abel et al. [U. Abel, M. Ivan, R. Péltinea, Appl. Math. Comput., 259 (2015), 116-123] introduced a Durrmeyer type integral
variant of the Bernstein type operators based on two parameters defined by Stancu [D. D. Stancu, Calcolo, 35 (1998), 53-62].
Kajla [A. Kajla, Appl. Math. Comput., 316 (2018), 400—408] considered a Kantorovich modification of the Stancu operators
wherein he studied some basic convergence theorems and also the rate of A-statistical convergence. In the present paper, we
define a bivariate case of the operators proposed in [A. Kajla, Appl. Math. Comput., 316 (2018), 400-408] to study the degree
of approximation for functions of two variables. We obtain the rate of convergence of these bivariate operators by means of
the complete modulus of continuity, the partial moduli of continuity and the Peetre’s K-functional. Voronovskaya and Griiss
Voronovskaya type theorems are also established. We introduce the associated GBS (Generalized Boolean Sum) operators of the
bivariate operators and discuss the approximation degree of these operators with the aid of the mixed modulus of smoothness
for Bogel continuous and Bogel differentiable functions.
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1. Introduction

For z € C(]), the Banach space of continuous functions on ] = [0, 1], Stancu [16] defined Bernstein type
operators, based on two parameters i,j € N U{0} and n € N, as follows:

n—ij

j .
Smis(5x) = Y bnja ()Y by (x)z (‘” ‘31>, (11)
«—0 B—0

n
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where by (x) = xk(l—x)nfk,o < x < 1 is the Bernstein basis. Evidently for i = j = 0, the

n
k
operators (1.1) include the Bernstein operators B, (z;x) given by

= k
X) = bk (x)z <>

Abel et al. [1] gave the Durrmeyer type modification of the operators (1.1) defined by

n—ij

j 1
n 1.] Z bn ij,00 ) Z bj,B (X) (Tl + 1) JO bn,fx+Bi (T)Z (T‘)d?
=0

and derived a complete asymptotic expansion for these operators besides some approximation properties.
Kajla [13] considered the Kantorovich type modification of the Stancu operators defined by (1.1) as:

n—ij

j 1 .
T‘Ll) Z bn ij,x ) Z bj,B (X) J() z <0€+£’511+1"> dr (12)
=0

and studied the Korovkin type theorems for these operators (1.2) and also their A-statistical convergence.
Stancu [15] introduced two dimensional Bernstein polynomials B, (z;x,y) on the triangle S := {(x,y) :
x+y < 1,0 <x,y < 1} as follows:

n n—k

R =Y Y praaixulz (), (wlEs, 13)

k=0 1=0

where pn k1 (x,y) = < T]z > ( n?k ) xkyt(1 —x—y)n*k*l and z (x,y) € C(S), the space of continuous

functions on S. Deo and Bhardwaj [11], characterized the rate of approximation by means of K-functional
and estimated the order of convergence for the operators (1.3) and its Durrmeyer variant proposed by
Zhou [18]. For g-Bernstein-Schurer-Durrmeyer type operators for functions of one and two variables,
Kajla et al. [14] studied some approximation properties.

Let C (J?), the space of continuous functions on J*> = ] x J, be endowed with the norm given by
|zl = sup lz(x,y)l, forz € C(J?).

(xy)eJ?

Motivated by the above work, for z € C (]2), we define a bivariate case of the operators (1.2) as

follows:

m—igj n )2
%11]1 12]2 (z;%,y) Z brm—iyjy, Z bi,p, ( Z b iyjr00 (Y)
B1=0 =0 (1.4)
1 3 1
o1+ Bl +1 o+ Pria+s
O3 by o [ o (Cetbrintr oa bzt grg, iy e
B2=0

The purpose of the present paper is to study some approximation properties of the bivariate opera-
tors (1.4) such as uniform convergence theorem, rate of convergence in terms of modulus of continuity,
Voronovskaja type asymptotic theorem and Griiss-Voronovskaja type theorem. We also construct the
associated GBS operator and obtain its convergence estimates using mixed modulus of smoothness.

Throughout the paper, M denotes a positive constant which may have different values for different
cases.
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2. Auxiliary results

We observe that the operators (1.4), is the tensorial product of the operators U . . and U ie

m, iy n,izj2’

i1,1.42,02 Y
Q]T%L,Tll 22 = Qj?n,il,h Omnrizjz’ where
m—igj; i1 1 i
o+ P+
?ﬂ,il/jl (Z; X’y) = Z bm_iljl’al (X) Z bjl,Bl (X) J z (m’ s> dT
0(1:0 61:0 0
and .. :
n—1izjz )2 1 3
o + Boiz +s
Vs @BXY) = ) brijnan (U) D bip, (U) Jo - (t’ n> o
=0 B2=0

We present some lemmas which will be useful in the sequel. Let ey (1) = ™ hel0,1,2,3,4.
Lemma 2.1 ([13]). For the operators Uy i ; (f;x), we have

(i) Vnij(eosx) =1,
(ii) Q]n,i,j (ep;x) =x+ %}
(i) Yn,ij (e25%) = %2+ L (2x —x2) + L (%x — ijx — 22 + 42 + 1);

(iv)
Vi, (e3%) =" + %?»c (3x —2x?) + 21112 [617x — 6ijx + 7x — 7% + 4x° + 6i%jx> — 3i%jx’]
+ 41? [—81jx% + 18ijx? — 10ijx — 12i%jx> + 4i%jx + 6i%jx + 1];
v)

Vi (es;x) = x* + %[87(3 —6x%] + % [11x* — 24x3 + 15%2 + 61%2x* + 18ijx* — 181jx°]
+ % [—4i%3x* — 181%52x* — 224jx* — 6x* + 421jx® + 18i%%x% + 16x° — 20ijx?
—15x2 + 61%jx% — 61%jx> + 6x] + % [144xt — 6135%x* 4+ 11125%x* + 6ijx* + 61353
— 181233 — 161jx2 + 7i%*x? + 151jx* — 8i%jx* — 5ijx + 2i%jx + é].
Consequently, let eX (1) = (r—x)", h €{1,2,3,4)}.

Lemma 2.2 ([13]). For the operators Uy i ; (f;x), we get

1
(i) Vnij(eX (r);x) = oY
.. x 1 2 1 0. .. 2.2 .. D 1
(i) Vi (X (r);%) = E(X_X )+ E(l ix —ijx —i5x° +ijx° + 5);
(iil) Yn,ij (e} (r);x) = ﬁ[Z +7x — Ix? 4+ 4x3] + 21? [—41jx3 + 9ijx? — 5ijx — 61%x2 + 2i3jx + 3i%jx];
1
(iv) B (ef (1);%) = = [Bx* — 6x° + 3x% + 61%2x* + 121jx* — 12ijx® — 61%x> — 6i%jx*].

Let ep x(1,s) = rhsk, h,k €{0,1,2,3,4} and (r,s) € J?. From Lemma 2.1 and the definition (1.4), by
simple calculations, we obtain:

Lemma 2.3. The bivariate operators defined by (1.4) satisfy the following equalities:

1) VA% (eo;x,y) =1;
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(i) VR (e10:%,y) = x + 75;

(it)) Vw2 (eo ;% y) =Y+ 2=

(iv) B2 (e115%,y) = (x+ 25) (y + 55) 5
)

131403 1 1 . .. . ..
(V) VHV% (e20;%,y) = X% + H(2x—xz) + W(l%)lx—ll]lx—ﬁ)lxz—|—11]1x2—|— 3

(vi) Vo™ (e02%,Y) = y? + —(2y = v?) + 2 (132y — iajay — Bjay? + bajay® + 3);
(vii)
i1,j1,12,)2 3 1 2 1 .. .3 .. 9 >
Vw272 (e30:%,y) =% + 5 3x (3x —2x%) + 53 16111 —6iaji® + 7x —7x
1
+ 4X3 + 6i%j1X2 - 3i%jlx3] + m [—SilleS + 1811)'1X2 — 10ilj1X
—12i2§1%% + 4i3j1x + 6i%j1x + 1];
(viii)
ghiniage . 13 1 2 1 .. 3 .. 2 5 3
w292 (e 3ix,y) =y  + £3y (By—2y*) + ﬁ%mzy — 6ijoy® + 7y — 7y + 4y

+ 61%]2132 — 31%]2y3] + s [—812)2y3 + 1812)2132 — 101pjoy — 121%]2y2
+4i3joy + 6i3j2y + 1;
(ix)
L 1 1
B2 (eg0%,y) = x*+ —[8x7 — 6x'] + —5 [11x* — 247 + 15 + 6fjix" + 1811j1x*
1

—1811j1x%] + — [—4i353x* — 18122x* — 22i1j1x* — 6x* + 4211513
+ 181232 + 16x> — 2011j1x> — 15x2 4 6i3j1%> — 6i3j1%> + 6x]

1
it — 63+ 117 + 6t + 63 — 188337

1
—16i1j1x + 7i23x% + 1511§1x% — 812§1x% — Bigjix + 2i3j1x + gJ ;

(x)

o 1 1 2. .
Vw7 (eoaey) = y' + I8y — 6yl + 511y —24y” + 15y” + 6i3j3y” + 18iajay”
3 [—4i33y* — 1813j3y* — 22ixjoy* — 6y* + 4212j0y°
+1813j3y° + 16y° — 20122y — 15y + 6i3j2y° — 613j2y° + 6y]

— 18i2joy’] +

+ 5 [133y* — 61353y* + 111353y* + 612j2y* + 613j5y° — 18i3j5y°

— 1612)2y3 + 71%]%132 + 1512]2y2 — 81%]2152 —5izjoy + 21%]213 + g}.
Let (bil’jl’iz’jz(x,y) = ’Iiﬁ{?,ﬁ’iz’jz ((r—x)h(s—y)k;x,y), h,k € {0,1,2,3,4} and (,s), (x,y) € J>. As a

m,n,h k
consequence of the proceeding lemma, we have following.

Lemma 2.4. The central moments for the operators (1.4) are obtained as follows:

T 1
@) ooy = 5
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(i) iR (x,y)
(i) 122 (x, )
(iv) Gy (x,y)
(v) GYIvE (x,y)

(vi)

cbilljl/injZ
m,n,2,2

(vii)
1191,12/2
b 30

(viii)
111,42,
b5

(ix)

PR e y)
()

d)il,]' 142,92
m,n,04

1 (.. .. . .. 1
(x—x2) + — {1%)1x—11]1x—1%]1x2 + 11X + } ;

(x,y) =

1
(x,y) = 2—mz[2—|—7x—9xz+4x3] +

3

1 [, . . . 1
b=y + {%ng —laj2y — 13j2y” + i2joy® + 3} ;

1
mn

1 9. .. 9.
Oy —xy? =Xy +x%y?) + —5 (x = x*) (Bjay — 2y — Biay®

s 1 D i o . 1
+i2joy’ + 3T W —y?)(ifi1x — ajix — i1 + ijix® + 3)

(1% — i1j1x — i + 11§13 + ) (i352y — dajoy — 3j2y?

* 3

m2n? {

.. 1
+12joy? + g)};

5 [—411§1%% 4 911j1% — 5ijix — 6i%j1x>

+2i3j1x + 3i%jx];

1 1 . .. .. ..
(x,y) = =2+ 7y — 9% + 4y°] + —— [—4irjoy® + 9irjoy® — 5irjoy — 6i3j2y>

2n2 2n3

+ 2350y + 3ij2y);

1
— [Bxt — 6x% + 3x% + 6i%19x* + 1241§1x* — 12i1j1% — 6i3j1x° — 6i3j1x*]

1
+— [—4i353x* — 18i%j3x* — 14i1j1x* — 6x* + 24i1§1%° 4 18i3i3x% + 16x°
—10i1j1x* — 15%% + 6i%j1x% + 6x + 4i3j1x%] + W[l‘f]‘llx‘* —61355xt 4 11i%55x*

+ 611j1x* + 61333%3 — 181252x% — 1611j1x% + 7i2§2x% + 1511j1x% — 8i%j1x2

1
— 5ijix + 2i%1x + g];

(x,y) = —By* —6y® + 3y + 633j3y* + 1202joy* — 1202j2y” — 613j2y” — 6132y

+ 3 [—41%]%134 — 181%]%134 — 1412]2y4 — 6y4 + 2412)2y3 + 181%)%133 + 16y3

— 10i2j2y” — 15y + 6i3j2y” + 6y + 4132y°) + —[i2773y" — 613y" + 111373y

+ 6i2joy* 4 61373y> — 18i2j3y°® — 1612j2y> + 7i3j3y> + 1512j2y> — 8i3jry>

.. ey 1
—5ipjoy + 21%]21) + g].
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Consequently,
Lemma 2.5. We have the following results:

() lim miRxy) =3
i1, )1 iz, Jz( 1
2

(ii) 11m mo. X, y) =
1122

(iii) n{gr})omd>mn20 (x,y) =x(1—x);

i1.91.42,)2

(iv) lim nd, "o (xy) =yl —y);
) Jim nili o y) =0
(vi) n{gnoo m2p 22 (x,y) = 3x* — 6x% + 3x% + 6ifjix* + 1241j1x* — 121j1x° — 6ifj1x° — 6ifj1x%;
(vii) lim 2 Ve (x,y) = 3y* — 6y° + 3y? + 6i3j5y* + 120j2y* — 12i2)2y° — 613j2y° — 613j2y™
Let I; and I, be compact intervals of the real line and B (I; x 1) be the space of functions bounded on
(I1 x I2).

Theorem 2.6 ([17]). Let Dynn : C(I; x I2) — B (I} x I2), (m,n) € IN x IN be linear positive operators. If
hm Dmn(ets) (ets)/v(tls) E{(OIO)/(llO)I(Oll)}

m,n—oo

and

lim Dn (e + en2) = e + ep2,
m,n—oo

uniformly on 1y x Iy, then the sequence (D nz) converges to z uniformly on Iy x I, for any z € C (I; x Ip).

3. Approximation properties of the operator SU”’”’”’”

i1,j14252 (
M

First, we show that the operator U\ z) is an approximation process for all z € C(J?).
Theorem 3.1. For z € C(J2), the operators W22 (z) converge to £ as m,n — oo, uniformly on J2.
Proof. Applying Lemma 2.3 and Theorem 2.6, the proof easily follows. Hence, we skip the details. O

Now, we proceed to determine the order of convergence of the operators (1.4). Let us recall some
definitions.
For z € C (J?), for the bivariate case, the complete modulus of continuity is defined as follows:
@ (z;01,02) =sup {lz(r,s) —z(x,y)|: (1,5), (x,y) € J* and [r—x| < o, Is —y| < 02},
where 01 > 0, 02 > 0. Further, @ (z; 01, 02) satisfies following properties:
(1) @(z;01,00) = 0,if oy - 0and 0, — 0;

(i) |z (r,s) —z(x,y)| < @ (z;09,02) <1+ Ir= Xl) (1+%).

Also, the partial modulii of continuity with respect to x and y are defined as

wW (z;0) =sup{lz (x1,y) —z(x2,y)l : y € J and |x; —x7]

1,
o}.
The details of modulus of continuity for the bivariate case has been widely studied by Anastassiou and
Gal in [3]. In what follows, let

<
w? (z;0) =sup{lz(x,y1) —z(x,y2)l : x € J and |y; —ya| <

. ’. ’v , 2
Om = sup 4)1,11,1711,122,0]2(7( y) =sup Bm,i, j, ((T—X) ;X> ,
(xy)eJ? x€J
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on= sup @UIEE(xY) = sup B, ((s—y)5y).
(x,y)€eJ? yeJ
The following theorem yields the rate of approximation in terms of the complete modulus of continuity.

Theorem 3.2. Let z € C (J?). Then,

Proof. Using the property (ii) of complete modulus of continuity for the bivariate case as mentioned above,

for linear positive operator U472 (;x,y), we have

W29 (2;x,y) — z(x,y)| < VL2 (2 (v,8) —z (%, y); %, y)

< W (2 y/Om, /On) (%mﬂm (Lx,y) + —=—=Tr 7 (Ir —xl;%,y)

1
Vom

1 ... 1 L
t o V™ (Is—ylix,y) + T w7 (Ir=xlls —yl;x,y) )
Now, using the Cauchy-Schwarz inequality and Lemma 2.3, the desired result is obtained. O

Our next result provides the order of approximation for the operators (1.4) by means of the partial
moduli of continuity.

Theorem 3.3. For f € C (J?), we have

H’II%?Q&“Z (2) *ZH <2 <wm (z;v/om) + w? (z; \/a)) .

Proof. From the definition of the partial moduli of continuity and using Cauchy-Schwarz inequality, for
any o1, 02 > 0, we have

| WhIr02 (2;x,y) — z (x,y)] snm“w(u s)—z (% y)l;%y)
(z(r,s) —z (1, Y)l;%,y) + BLIL292 (|2 (v,y) —z (x,y)]; %, Y)

m 1, )1 12,52 ((,U (s —yl); ) _i_m%,,)éﬂzllz (w(l) (z;[r —x|) ;x,y)

1 ...
w® (z02) <1+®Q3}nl',’#{‘“2 5=yl )

N
N
S

+w® (z;07) <1 + ;W%’Ijﬁl’izjz (Jr— xl;x,y)>
< w® (z; 07) <1 + ;2 (d);l”,jﬁlihz,gz(xly))l/z)
+ 0 (z0) (1 + (31 (¢E{fﬁ1’,§2’gZ(X,y)>l/z> .
Taking 02 = \/on and o7 = /01, the proof is completed. O

Now, we compute the rate of convergence of the bivariate operators Py by means of the Lipschitz
class. For 0 < y1,v2 < 1, Lipschitz class Lip,, (v1,v2) for the bivariate case is defined as:
lz(r,8) —z (x,y)l < MIr —x|"'[s —y["?,

where M is some positive constant and (x,y), (r,s) € J? are arbitrary.
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Theorem 3.4. If z € Lip,, (v1,V2), then we have
Hminl,lj%,izdz (z) _ZH < M(O'm)yl/z(O'n)YZ/z,
Proof. Since z € Lipy, (v1,V2),

with2i2 (|z (v, ) —z (x,y)|;%,y)
MY 92 (e —x1]s — y["% %, y)

— M‘I}E{’Jﬁ’u’]z (|T _ X|V1/.X/y) m;ll,,]#{lz,)z (|S _ UP/Z}X,U) .

| B2 (2;x,y) — z(x,y)| <
<

Now, using Hoélder’s inequality with p; = %, qi = % and pp = %, qp = ﬁ, respectively, in view of

—Y1 Y
Lemma 2.3, we have

. . . . ﬂ 427"/1
}m;l{,)Tl{erlz (z; x,y) —z(x,y)\ < M(<d)}111,,]111,122,82 (X,}J))) (m}ql{,lrlglzflz (1;x,y)) 2
Y2 2—vy

< ((oUirhy))) 7 (02 (k)
which leads us to the desired assertion. O

Our forthcoming result gives a quantitative estimate in terms of the second order modulus of conti-
nuity with the aid of the Peetre’s K-functional, which is defined as follows.

Let C* (J?) = {z eC(]?): 0z ¢ C (J) VO <i+j < k}. The Peetre’s K-functional for the function

© oxtoy)
z € C(J?) is defined as

K(z;0) = inf z—w|| + o|lw , 0>0,
o) = inf | {lz=wl+ ol |

with the norm in C? (J?) given by

2
Iwlleae = Il + 3 (\
i=1

From [10, page 192], it is known that for any o > 0

otw
oyt

otw
oxt

’w
oxoy ||

i

)+

K(z:o) < M{wz(z; V/5) +min(1, o) |z }

where M > 0 is a constant independent of o and f and @, is a second order modulus of continuity for
functions of two variables.

Theorem 3.5. For z € C(J?), there holds the inequality

|2z (2) — || < {M(Dz (z,' m) + min {1, Cinn } Izl } 4@ (Z; ﬁ 1)/

2
2 2
where Conn = 1 { (Vom +v/an)* + 1 (5 + )}
Proof. Let us introduce an auxiliary operator as follows:

NP o 1 1
D27 (zix,y) = Vv 2 (zx, y) —Z(X Tyt 2n) +z(x,y). (3.1)
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Then using Lemma 2.3, we can easily see that
B (1x,y) = 1, D92 ((r—x);x,y) = 0, and Ty (s —y);x,y) = 0. (3.2)
Let w € C?(J?) and (x,y) € J?. Using the Taylor’s theorem, we may write

W(T/S) —W(X/U) = W(TIU) _W(X/y) —|—W(T,S) —W(T/U)

:aw(x,y)(r_x)+J'r —u)iaz (uy)d +awé>;,y)(s

ox X(r 2

s 2 T S 2
- v [ < o ) dudv.
y ov x Jy \ouov

i1,j1,12/2

Now applying the operators T /%

—y)

on both sides of the above equation and using (3.2), we get

e T 02 X+ 1 02
m}aﬂm(w;x,y)—w(x,y)w;a%%( | (r—u)w(“'”)du,-x,y>—j CERE Y, LAl I

X ou? X 2m ou?
s 2w(x, v) Yt 1 ?w(x,v)
—i—Q]}nl’,’]l{lz’)Z(L(s—v)a >—dv;x, y) L (y+£—u)67v2dv

o TS /92 X+am (Yt /92w
11,)1,12,)2 . _
+ U (L L <auav> dudv; x,y) L L (auav> dudv.

Hence using Cauchy-Schwarz inequality and Lemma 2.3,

BN (i x, y) —

1
o y) X+ o 1 *w(u,y)
< Q];ml"JTlL,lsz< J |T* 'du ,y) + JX |X+ ﬂ *u| T du
Yt 1 o2
+§U”]”2]Z<J Is—vl ( )dv xy) J Iy—i-—ulw()z’v)dv’
y y 2n ov
x+% y+%L aZ
%11]112]2< J ‘dudvxy) J ’ J ’ W'dudv
x Jy [ Oudv x y oudv
(3.3)

Lf pinivig 1 * L ol 1 :

S R R R R et B S CA Dl (TR el ' B WY ISTOEY
—— 1

- { VORI o) ORI o0 + g Il

1 , 1/1 1\?
< 5 {(\/Gm+\/0n) +4<m +n> } Wllcz2(52
= Cm,n HWHCZUZ) .

From equation (3.1) we have

s o 1 1
[Thiried (2, ) < BRIV (2%, )] + z(x oyt 2n> ‘ +1z(x,y)I < 32| . (3.4)

Hence from equations (3.1), (3.3), and (3.4), ¥w € C? (]2), we get
|GV 292 (2%, y) — z(x,y)| < IDIL22 (2 —w; x, y)| + D292 (w; %, y) —w(x,y)l

) = 20+ (4 5y o) —2luy)|
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<A z—w| + B2 (w; x, y) —w(x,y)l +

—|—1 —i—l—(x)
T oamY T on 2%

_ 1 1
< 4llz=wl + Comn Wl + @ (5 50 51 ).

Hence, using the relation (3.4),

o . C
D22 (z) —z|| <4 inf {Hz—wH + Z'nHWHCz(]z)} + @ (z; —, )
w

€C2(J2)

< _ vV Cm, mn e _
< M{wz <z, ) + min <1, lz|| ¢+ @ |2, =—, —

In the next theorem, we determine an error estimate for continuously differentiable functions by the
operators (1.4).

O

Theorem 3.6. For z € C! (]2), we have

HQ]I]]I 12]2 ZH HZXH\/a"i_HZHH\/a

Proof. Let (x,y) € J? be a fixed point. Then, we may write

T S

z) (u,s) du+J z), (x,v) dv.
y

Z(r,S)—Z(x,y)=J

X

On both sides of the above equation, applying /1272 (; x,y), we get

12
x,y> + iz (

|s —yl|, we have,

.
(B2 (2%, y) — z(x,y) | < DBHr2 < J z! (u,s) dul;

X

S
J z), (x,v) dv

Yy

}X,y>-

Since [T z{, (u,s) du| < ||z}||Ir —x| and

[z vy av] < 12y |

VR (2%, y) — 206, y)| < |25 || D202 (e — x5 %, y) + |2y || Doy =72 (Is — ylix y) -
Using Cauchy-Schwarz inequality
L1202 (20x 1) — <o/ || (pirivizie Y2 gtz (1.x )2
‘mm,n (Z,X,U) Z(X/U)‘ ~X HZ’xH d)m,n,Q,O (X/y) (mm,n ( /X,U))

gl (0 ew) (ot (1%, u) 2
<zl vom +lzy [ von, v v y) €77
from which the required result is obvious. O

Now, we prove Voronovskaja type theorem for the operators U’y 72,

Theorem 3.7. For z € C? (J?), we have

i (TR ) 2 00) = 32 o) + 323 0w+ 0= 0) 2 )y 1L W2 (03 |

uniformly on J2.
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Proof. Let (x,y) € J? be arbitrary. Using Taylor’s expansion formula, we have

z(r,s) =z (%, y) + 2« (,Y) (T —x) + 2y (x,y) (s —y) + % {zxx (xy) (r—x)
22y (%,Y) (T —%) (s —Y) + zyy (x,Y) (s—y)z} +orsxy) =%t + (s—y)

where (1,5) € J2and o (1,5;%,y) € C (]2) and @ (1,s;%,y) = 0, as (r,s) = (x,y). Applying ‘H}{’i&’iz’jz (;xy)
on both sides of the above equation,

T (2%, y) =2 (0 Y) +2x (6 Y) DAE (0 Y) + 2y (6 9) 0007 (x,v)

{0 ORI 0, + 22 ) G123 00)

+2yy (%,Y) qaig;z';;gzh(x,y)} + YR ((p (rs0y)\/ (r—0* + (s— )% x,y>-
Now using Lemma 2.5, we get

o 1 1
lim n (SIIE:#’IZID (Z}X/U) —z (le)) = 5%x (le) + Ely (X/U)

n—oo 2

+ ;{X(l —x) zxx (%, Y) +y (1 —y) zyy (%, y) } + lim nQ,

uniformly in J?, where Q = ‘Bi%ji&’iz’jz ((p (r,s;%,9) \/ (r— x)4 + (s —y)4;x,y>. Applying Cauchy-Schwarz
inequality, we have
L o 1/2
Q< {BRA (0 (1 5%, u)ixy) } {2 (=20 + (s =)y ) |
1/2
<{TRR (07 (s 9) %, u) Y ORI oy + ol ) |
Since @ (1,s;%x,y) € C (]2) and @?(1,s;%,y) — 0as (1,5) — (x,y), using Theorem 2.6, we have

Jim R (92 (1,55, ) 5%, y) =0,

1
s L. )
uniformly with respect to (x,y) € J?. Further, using Lemma 2.5, n{d):l’gllfo”z(x,y) + d)iﬁ'f{’&i”(&y)} is

bounded for all (x,y) € J2. Hence, 1i_r>n nQ =0, uniformly in (x,y) € J?. Thus,
n o0

. i 1 1 1
lim n (mn{’#’ 22 (z;%,Y) —Z(x,y)) = szx (X, Yy) + 52y (X, y) + Z{X(I—X) Zxx (% Y) +y (1 —y) zyy (x,y) }

n—oo 2 2
uniformly in (x,y) € J>. O
Next we establish a quantitative Voronovskaja type theorem by means of modulus of continuity.
Theorem 3.8. Let w € C? (J?) then we have the following inequality:
1,

L 1 1 1 .,. .. 2. ..
‘n<m2:%11’12/n(w; X/U) _W(le)> - EW)/c(le) — Ewy (le) - 2{ (X _XZ) + E{l%Jlx — U)X — l%]lxz + 11)17(2

"

1 1 1 .5, .. . .. 1 1
+ 3}}wxx(x,y) — 2{ (y—v?) + {{1%]29 — biry — 350y + bjry® + 3}}wgy (e y) = Wiy (0 y)

<cla(wr; + @ wy L + @ wy, L
AN xx/\/ﬁ yy/\/ﬂ xy/\/ﬁ 7

where C is some positive constant.
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Proof. Let w € C2(J?), then by Taylor’s expansion, we have

w(r,s) =wix, y) + (r—x)wy(x,y) + (s —y)wy (x, y)

1 d 2’ o o
+2{(T—X)ax+(5—y)ay} wlx+01(r—x),y +02(s —y))
, ) 1 d 2 ? (3.5)
=iyl + (= xwl )+ s yhwg )+ 3 f x4 (5w} i)

2
+;{(r—x)aax + (s—y)aay} (w(x+61(r—x),y +02(s—vy)) —w(x,y)), 0<06q,0, <1

Now applying the operator G292 on both sides of (3.5), we are led to
'QTR,’%}’”JZ (wW;%,y) =W, y) = wi (6 )bl (5, y) — wy (%, y) 32 (x, y)

1 L 1 i
— oW (oY) E (0 y) — Swyy (6 )b g3 (% y) — ;’y(x,y)cl%i,’if,’li”(x,y)’

111, 12 )2(

2
< 3o |{(r—x)aax He-y)g ) {w(x+el(r—x),y +oals —y) - wixy) |

)X,y>
1 . ...
<2%:4:%'12')2<( X2l (x + 01 (r =), y + Oa(s —y ))—wzzx(x,yn;x,y)

1
+2171%;%3'”'”<(s—y)2|w;’y(x+61(r—x),y+92(s—y))—w{jy(x,y)l;x,y>

+ P <IT—XIIS —ylwyy (x4 01(r —x),y + 62(s —y)) —wy,, (x,y)l;x,y)

(r—x)*+ (r—x)?(s —y)?
0—2
2(s—y)?+(s—y)*
02

< %mi&;ﬂg'izdz ((r —x)* +

1 . ... _
e O

0), o> 0.

3 3
L r—xPls —y|+r—x|[s —
mng,n(h_xns_mﬂ Pls —yl+Ir—xls —yP >@(w"-

o2 xy’
Applying Cauchy-Schwarz inequality and taking o = ﬁ, in view of Lemma 2.5, we get

o 1 1 1 1 ... ..
‘n(iﬁ’g’%az,n(w;x,y) —w(x,y)) — Ew;(x,y) — (x y)— {(x pe ) + —{1%)1x—11)1x

—_

—ifj® + i + }} oY) — 2{(y y?) + {12]29—12J21J—12J2y +i2jay® + }} vy (%, y)‘

<c{w<w;’x;¢1ﬁ>+ <yy;>} < W’)'

Now, we study the Griiss-Voronovskaja theorem.

Theorem 3.9. Let z,w € C? (J2), then the following equality holds true:
lim n{YLI1292 (zw;x, y) — VA2 (2%, y) BRI 292 (w; %, y)} =x(1 — %)z} (%, y )W) (x, y)
n—oo 4 7
+y(1—ylzy (x, y)wy (x,y),

uniformly in (x,y) € J2.
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Proof. From the Taylor’s expansion of z, w, and zw, we get
{22 (2w, y) = TR (2%, ) B 2w y))
= | VEA 02 (z2w; %, y) — 2(x, y)w(x, y) — (2L (6 YWk Y) + 206 Y)wi (x,y))J b2 (x, y)
i1 1
— (2}, (x, Y)wx,y) +z(x, y)wy (x, y)) oI (x,y) — 5 (2o yIwl y) + 22 0 y)wy (%, y)

20, YW e YD (6, ) — 5 20y Do yIwlo y) + 22 (6 ylwy (6, y) + 206, y)wly (x, )
d>i::i&;&fz"'2(x,y)—(z(x,y)w;’y(x,m+zy(x,ywa(x,y)+z( YWy (%) + 22 ( y)wlx y))
¢2:33,'1if{j2(xfy) —W(x,y){Q]}{:Eﬂ'iz’jz(z;x,y) —z(x,y) —z,(x, y)d)”“ lZJZ(X y) — (x,y)

i1,j1.42,32 i1,1,12,32 i1,j1/12,32

S 1
Cb:i,ﬁml,’()ﬁ,h(xry) - EZ;(/X(XIy)d)n:n;z,O (X/U) - E yy cbn n,0/2, (X/U) _Z;(/y (X/U)d)n,'n”l,l’ (X,y)}
— Tz, y) {%i&;?:'iz'” (Wi, y) = wixy) = wilo y)byat” (x y)

_ W{J (Xry)d);l:y]i,’(;illz (X/U) - EW;C/X (Xry)(b}fi:#,’zl,zo’]z (X/U) - Ewyy (XIU)(I)R:#,&ZQJZ (X/U)

Wl (e, U (x,y)} WL () BUAER x, ) {z(x,y) g x,y)}
+w) (x,ymii;z';;gff%x,y){z(x,y) gl x,y)}
1 C 1
+ Ew;’x(x,y)dﬁfi%”( y){Z(x,y) —Q?R;%E'lz"z(z;x,y)} + 2w;’y(x y) b2 (x, y){ (x,y)
— YA x,y)} +wly (x,y)¢};;33;fﬁfj2(x,y){z(x,y) — PR (2 x,y)} +2} (x, Y)Wl (x,y)
P (6 y) + 2L o yIw (6, Y)biay (v y) + 24 (6 yhwi (e ) 0055 (x, )
2L (e y)w) (x, y)¢:¢;3;,35]2(x,y)].
Applying Theorem 3.1, Lemma 2.5, and Theorem 3.8, we reach the assertion. O

4. GBS operator associated to Q]“’J Lz

Bogel ([7, 8]) introduced the concepts of B-continuous and B-differentiable functions and gave some
significant theorems. Badea et al. [5] proved a Korovkin type theorem for approximation of B-continuous
functions. The term “GBS operator”(Generalized Boolean Sum Operator) was introduced by Badea and
Cottin [6] wherein quantitative and non-quantitative variants of the Korovkin type theorem were devel-
oped. Agrawal et al. [2] constructed the GBS operator of bivariate Lupas-Durrmeyer type operators and
derived some approximation theorems. We refer the reader to the book [12] and the references therein,
for a detailed study of the research work in this direction.

In the following, we recall some basic notations and definitions which will be needed later.

Let Z; and Z; be compact real intervals. At a point (xo,yo) € Z1 x Zp, a function z : Z; x Z; — R is

called B-continuous iff ( )lir? )Az [(x,y), (x0,yo)] =0, where Az[(x,y), (x0,y0)] = z(x,y) — z(x0,y) —
x,Y) = (x0,Y0
z(x,yo) + z(x0,yo) denotes the mixed difference of z. A function z : Z; x Z, — R is called B-continuous

on Zy x Z, iff it is B-continuous at every point of Z; x Z; .



P. N. Agrawal, N. Bhardwaj, J. K. Singh, J. Nonlinear Sci. Appl., 14 (2021), 423439 436

A function z : Z1 x Z, — R is called B-differentiable at (xo,yo) € Z1 x Z; iff

5 Az[(x,y), (x0,Y0)]
m 7
(xy)—=(xo0y0) (X —%0) (Y —yo)

exists and is finite. This limit is named as the B-differential of z at the point (xp,yo) and is denoted by
Dgz(x0,Yo). The function z : Z; x Z; — R is called B-differentiable if it is B-differentiable at every point
of Zl X Zz.

The function z : Z1 x Z; — R is B-bounded on Z; x Z, iff there exists some k > 0 such that
|Az[(x,y), (1,s)]] < k for any (x,y), (1,s) € Z; x Z;. Let us define the sets:

B(Z1 x Zy) ={z: Z1 x Z — R : zis bounded on Z; x Z5};
C(Zy x Zy) ={z: Z1 x Z; — R : z is continuous on Z; x Z};
(Z1 x Zy) ={z: Z1 X Z; — R : zis B-bounded on Z; x Z,};
( )

( )

By
Cy(Z1 x Zy) ={z:2Z1 x Zp — R : z is B-continuous on Z; x Z,};
and Dy (Z1 x Z3) ={z: Z1 x Z — R : z is B-differentiable on Z; x Z,}.
The norm in B(Z; x Z,) is given by |z||,, = sup lz(x,y)l, Vz € B(Z; x Z3). From [9, page 52],
(X/y)eZ1XZZ

it is known that C(Z; x Z;) C Cyp (£1 X Z3). Let z € Byp(z1 X z). For all (x,y),(r,s) € Z; x Z and
for any (07, 02) € [0,00) x [0,00), the mixed modulus of smoothness is defined as the function wyixeq :
[0,00) x [0, 0) — R such that

Wmixed (2; 01, 02) := sup{|Az[(r,s), (x, y)l| : [x — 7] < 01, [y — 5| < o2}

The usual modulus of continuity and wiyxeq have similar basic properties, which were obtained by Badea
et al. in [4].
A function z € Cy(z1 X 22) is said to belong to the Lipschitz class Lipam,p (¢,1),0 < e, < 1 if

1Az [(x,Y) , (x0,Yo)ll < M(x —x0)“(y —yo)", ¥ (x,y), (x0,Yo) € z1 X 22
for some M > 0. For any z € Cy,(J?), we define the GBS operator associated to U272 as

PRV (2 (1, 8) %, y) = TR 292 (2 (r,y) + 2 (x,8) — 2 (1,5) ;%,Y)

for all (x,y) € J2. More precisely,

L. m—iij i n—izjs iy
Py (Z(f,s);xly> = Z brm—igjy, (%) Z biy,p, (%) Z bn—isjren (Y) Z bi,,p,(Y)
0(]:0 [51:0 062:0 [32:0

1 1 . .

XJ J [Z<061+f3111 +T,y> +z(x, 0¢2+f5212+8> (4.1)
0Jo m n

_Z<OC1 + B1ig +T, o + Poix + S):| drds.

m n

Clearly, PY/1272 is a linear operator from the space Cy(J?) into C(J2).
For Lipschitz class of Bogel continuous functions, the following theorem provides the degree of ap-
proximation by the operator Py/2y 272,

Theorem 4.1. Let z € Lipam p (€,1), then we have
[Pldiiaiz(z) — z|| < Mow{*ah/?,

where M > 0and 0 < g,m < 1.
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Proof. From the definition of the operator PLIL292(2;x y) and the linearity of the operator P22 for

any (x,y) € J?, we have

PRz, y) = D (2lr,y) + 200,5) — 2l 9y

or
Pldti2i2(z;x, y) = z(x,y) — V272 <A2[(r, s); (X,y)];x,y> ,

which implies that
PRy i,y — 26| < D (12l 9wl ) 42
Since z € Lip,,(g,m), we get
PRIV (2%, y) — (%, y) | < MU 202 <Ir —x[*ls —y["; x,y>

i1,J1,12,) €. 11,J1,12/) .
g Msz]nllllrll 22 (|T_X| /Xlg)m%}rll 22 (|S—y|n/7</y>~

Now using Hélder’s inequality with p; = %, qi1 = %, and pp = %, q2 = ﬁ, we get
o £/2 (2—¢)/2
P72 (2%, y) — z(x,y)| <M (d)}%?ﬁ’,%@%&y)) <‘1313{,jﬁ’i2'j2(200; x,y))
o n/2 (2-m)/2
<(obsoow) (Tt y)) < Mool
from which required result is immediate. O

Next, we shall estimate the rate of convergence of the operator (4.1) for z € Cyp(J?), using mixed
modulus of smoothness.

Theorem 4.2. For z € Cy(J2), the operator PIY272 verifies the following inequality:
[P0 (2) — 2] < 4wminea (zm™Y/2,n71/2).
Proof. Using the definition of Wmixed(z; 01, 02) and the elementary inequality
Wmixed (2 A101,A202) < (14 A1) (1 +A2) Wiixed (2; 01, 02) 5 01, 02,A1,A2 > 0,

we have

T—X S —
o2l (5, < W (51— s =) < (1475 (14 52w oy ), 43

Y (x,y),(r,s) € J? and for any o1, 02 > 0. In view of (4.2) and (4.3),
PRV (2%, y) —2(x,y) | < B2 ( Az(r, s); (x,y)]] my)

< W%]{,j%’iz’jz( (1 + |r_x|> (1 + I _y|> Wmixed (Z; 01, 02) ;x,y).

01 02
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Now, applying Cauchy-Schwarz inequality,

[P (2%, y) — 200 y)| < {w R (oo, y) + 0y T ORI (0 ) 4 0y T 00N E (x, )

#0710y LIS 0 ORI 0 ) e 501, 2).

Hence, using Lemma 2.5 and taking o1 = \/%, 0y = #, we get the desired result. O

Now, we determine the order of approximation for the B-differentiable functions by the operator
Pll iz, Jz

mn
Theorem 4.3. For the function z € Dy (J?) with Dgz € Cy,(J%) N B(J?), there holds the following inequality:
|Piviadz (z) — z|| < M [3|Dgz|o +4Wmixed (Dp;m L, n 1) mn"t,
where M is some positive constant.
Proof. For z € Dy, (J3), by mean value theorem,
Az[(r,s); (x,y)] = (r—x) (s —y) Dz (61, 62) (4.4)
with x < 01 <1,y < 02 < s. Now,
Dgz(01,62) = ADgz[(01,02); (x,y)] + Dpz (01,y) + Dgf (x,02) —Dpz (x,y) .

Since Dpz € Cy(J?) N B(J?), from (4.4), we have
b9 (Az](v,5); (x,y)]i %, y)| = \qai:{j;jﬁ”(x,y)DBz (64,65) ;x,y‘
< m;q?g'iz'iz(| ~xlls — yl|ADBz[(01, 85); (%, y)ll;x, y)

mi%{?#”'”(lr—xl s —yl <|Dsz(el,y)| +|Dpz(x, 0,)]

(4.5)
+ |DBZ(XrU)|>}X/U>
< VL2 (Ir — x| s — Yl Winixed (DBZ3101 —x1,182 —yl) 5 %,y)
+ 3HDBZ||OOSUEL’?,1{12’]'2 (lr—x[ls—yl;x,y).
Using the properties of wpyixed, We get
Wmixed <DBZ; |91 X‘ |92 - U|> Wmixed (DBZ/ |T X|, |S - ‘J|>
(4.6)

< (1 + |T_X|> <1+ |S_y|>wmixed <DBZ; 01, 62>~
01 02

PRIV (2%, y) — 2 (%, y)| = |[VHIV22 (Az (7, 5); (6, y)] 5%, y)|
<P (r—x|ls—yl (1 + o7 r—x]) (1405 s —yl) ;%)

X Wmixed (DBZ; 01, 02) +3 HDBZHoo %;11,,]'21’12’)2 (‘T - X| |S _y‘ ;Xry) :

Combining (4.5) and (4.6), we obtain
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Now, applying Cauchy-Schwarz inequality and Lemma 2.3,

Pk iyl —2 (o] < [VORED )+ ol ER
-f—i ¢il’j]’12’2jz(xly) + iid)il'j]’izz'zjz(xly) Wmixed | DBT; 01,02
0—1 m,n,4, 0-1 0-2 m,mn,z,

+3]|Dpzl| oo/ bl 252 (x, ).

From Lemma 2.4 and for u,v € {1, 2},

M
munVv

i () = Gl (o y gl ) o ( ) ,vmneNand (xy),(rs) e,

. o . ~1 ~1 . .
where M is some positive constant. Hence taking 0; = m /2 and 0, = n~ /2, the desired result is
obtained. O
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