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Abstract

A single species stage structure system with feedback control is proposed and studied in this paper. Local and global
stability property of the boundary equilibrium and the positive equilibrium are investigated, respectively. If the original system
is globally stable, then we show that the feedback control only change the position of the unique positive equilibrium and retain
the stable property. If the original system is extinct, then we show that the system with feedback control is also extinct. Some
examples are presented to verify our main results.
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1. Introduction

The aim of this paper is to investigate the dynamic behaviors of the following single species stage
structure system with feedback control:
dX1 dX2

2
— = XX — Bx1 - 51X1, - = BXl - 527(2 —YXy; — dXzLL,

u
m T = —eu+ fxp, (1.1)

dt
where «, 3,01, 082,d,e,f and vy are all positive constants, x;(t) and x;(t) are the densities of the immature
and mature species at time t, u is feedback control variable. The following assumptions are made in
formulating the model (1.1).

1. The per capita birth rate of the immature population is o« > 0, the per capita death rate of the imma-
ture population is 8; > 0, the per capita death rate of the mature populations is proportional to the
current mature populations with a proportionality constant 6, > 0, B > 0 denotes the surviving rate
of immaturity to reach maturity, and the mature species is density dependent with the parameter
vy > 0.

2. The bilinear feedback mechanism (dx,u) is used to control the system.
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During the last decades, many scholars investigated the dynamic behaviors of the stage structured species,
see [1-44] and the references cited therein. Many new characters about the stage structured system were
found, for example, Ma et al. [31] proposed and studied the persistent property of the following stage-
structure predator-prey model

dxét(t) =11 (t)x2(t) — dixa (t) — T (t— 11 )e” M Txg (t — 1),

dxét(t) =1 (t—1)e” M Txy(t —11) — diaxa(t) — by (1)x3(t) — 1 () x2(t)y2(t), )
dy(;t(t) =12(t)y2(t) — dooy1 (t) — T2 (t — T2)e™ 92y, (t — 12), '
dy;t(t) =12t —T2)e” =Tyt — ) — darya(t) — b2 (Y3 (1) + c2(ty2(t)x2 (1),

where x4 (t) and x;(t) denote the densities of the immature and mature prey species at time t, respectively,
y1(t) and ya(t) represent the immature and mature population densities of predator species at time t,
respectively, Chen et al. [5], Chen et al. [11], and Chen et al. [9] further investigated the permanence,
extinction and global stability of the above system. They found that in system (1.2), the extinction of
the prey species does not follows the extinction of the predator species, they conjectured that maybe
the reason is in above system, the predator species has other food resource. Some other authors (see
[5, 9-11, 13, 22, 24-26, 28, 31, 34]) also applied the similar idea to establish the predator-prey model,
cooperative model, and competition model, and many interesting results were obtained. For example, it’s
well known that May type cooperative system admits a unique positive equilibrium, which is globally
attractive, however, Chen et al. [10] showed that with the introducing of the stage structure, May type
cooperative system may admits partial survival property, that is, despite the cooperative between the
species, the species may still be driven to the extinction due to the stage structure.

Recently, Khajanchi and Banerjee [23] proposed the following stage structure predator-prey model
with ratio dependent functional response

n(1—06)xa(t)y(t)
9(1—0)x2(t) +hy(t)’

63y (t).

(1.3)

dy  un(1-0pxtylt)

dt — g(1—0)xa(t) +hy(t)
By constructing suitable Lyapunov function, the authors obtained a set of sufficient conditions which
ensure the uniform persistence and global asymptotic stability of the system. It bring to our attention
that in system (1.3), if we did not consider the predator species, then system (1.3) reduces to the following
single species stage structured system.

B~ walt) — )~ spalt), 92 = pa (1)~ Salt) ~ (1), (1.4
Obviously, O(0,0) is the boundary equilibrium of the system (1.4). However, in system (1.3), with the
singularity of the ratio-dependent functional response, O(0, 0, 0) is not the equilibrium of the system, and
so, the authors of [23] did not consider the stability property of O(0,0,0). Already, in [40], Xiao and Lei
showed that under some suitable assumption, the boundary equilibrium O(0, 0) of system (1.4) is globally
asymptotically stable.
On the other hand, with the aim of alter the system structurally so as to make the population stabilize
at value lower than the original system. Gopalsamy and Weng [18] first time proposed the following
single species feedback control ecosystem

O [1 - (am(t) fonlto) cu(t))]' & () +balt—, (1.5)

dt K dt
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where aj,a,¢,a,b and T are all positive constants. Such kind of “feedback” control variable can be
implemented by means of a biological control or some harvesting procedure. By constructing some
suitable Lyapunov functional, they showed that under the assumption a; > a; > 0 holds, the system
admits a unique positive equilibrium. Also, in [5], under the assumption a; = 0, the authors investigated
the stability property of the positive equilibrium. For the case a; = 0, Gong et al. [17] investigated the
Hopf bifurcation of system (1.5). Recently, Li and He [29] also investigated the Hopf bifurcation of the
following single-species food-limited system with feedback control

du(t) —u(t) (T(K—u(t))
dt K+ au(t)

dv(t)
dt

—cv(t—T)) , = —dv(t) + bu(t — 7).

There are also many scholars argued that the non-autonomous case is more suitable. Chen et al. [12]
studied the persistent property of the following single species feedback ecosystem

201
NG _ o1 - W —c(thult—mn()],
d:;(tﬂ — —a(t/u(t) + bON(t — T3(t)).

In [12], by developing a new differential inequality, they showed that the system is always permanent.
Based on the famous single species model proposed by Aiello and Freedman, Ding and Cheng [14]
proposed the following single species stage-structured model with feedback control:

dx;it) = axp(t) —yxi(t) —ae Y xp(t — 1),

dx(ift) — o(e_Vsz(t — T) — Bx%(t) — sz(t)u(t), (1.6)
du(t)

T —au(t) + bxp(t).

In [14], it was shown that if the inequality
ap > be (1.7)

holds, then xq (t) — x§,x2(t) = x5, u(t) = u* as t — +oo. This result is then generalized by Han et al. [19]
to the infinite delay case. Noting that without the feedback control variable, the system (1.6) is degenerate
to the following single species stage-structured system

dxq (t) dxo(t)
dt dt

Already, Aiello and Freedman [1] had showed that system (1.8) admits a unique positive equilibrium,
which is globally asymptotically stable. Hence, the result of Ding and Cheng [14] implies that under the
assumption (1.7), the feedback control variable could only change the position of the equilibrium and did
not change the stability property of the equilibrium. Recently, Li et al. [27] considered an autonomous
Lotka-Volterra competitive system with infinite delays and feedback controls

— xe Vi (t— 1) — BRG(L). (18)

= axa(t) —yxi(t) —xe Yxo(t — 1),

+00

=x1(t) (b1 —anxi(t) — anz Jo Ki(s)xa(t —s)ds —ciuq(t)),

dxq(t)
dt
dxo(t)
dt
duy (t)
dt
duy(t)
dt

+o0
— xa(t) (b2 — az L Ka(s)xa(t — s)ds — azna(t) — coua(t)), .

= —equq(t) +dixq(t),

= —eyup(t) + daxo(t),
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where by, aij, ei, di(i,j = 1,2) are positive constants, x;(t) denotes the density of the population, u;(t)
denotes the feedback control variable. Their study showed that the feedback controls only change the
position of the unique positive equilibrium if the Lotka-Volterra competitive system is globally stable.
However, for the extinct case, by choosing suitable control variables, extinct species can become globally
stable, or still keep the property of extinction. Their findings showed that for the extinction case, feedback
control variables may change the stability property of the system.

Since dynamic behaviors of system (1.4) is very different to that of the system (1.8), it's natural to ask:
is it possible to avoid the extinction of the species in system (1.4) by choosing some suitable feedback
control variable, if possible, whether the system could exhibit some similar dynamic behaviors as that of
system (1.9)? The aim of this paper is to give a thoroughly analysis of the dynamic behaviors of system
(1.1) and to answer the above problem. For more works on feedback control ecosystem, one could refer
to [1-44] and the references cited therein.

The paper is arranged as follows. We will investigated the local stability property of the equilibria of
system (1.1) in Section 2. In Section 3, By constructing some suitable Lyapunov function, we are able to
investigate the global stability property of the equilibria. Section 4 presents some numerical simulations
to show the feasibility of the main results. We end this paper by a briefly discussion.

2. Local stability of the equilibria of system (1.1)

The system (1.1) always admits the boundary equilibrium 01(0,0,0). If Bx > &, ({3 + 61> holds, then
the system (1.1) admits a unique positive equilibrium Aj(x14, X2+, U« ), where

of3
oo o e(oqs—éz(BJrél)) B m*@ f (2.1)

BTN (dftey)(B+81)  y+dl T e

Obviously, x1., X2«, and u, satisfy the equation

{ x4 — PX1x — 81%15 =0,

X1x

Bx1x — 204 —yx%* — dxo.uy, =0, (2.2)
—eu, + fxp, = 0.

We shall now investigate the local stability property of the above equilibria.
The variational matrix of the system (1.1) is

—B -8 x 0
J(x1,%2,1) = B —8 —2yxp —du —dxp |. (2.3)
0 f —e
Theorem 2.1. Assume that
ap < 62(6 + 51) (2.4)
holds, then O1(0,0,0) is locally asymptotically stable.

Proof. From (2.3) we could see that the Jacobian matrix of the system about the equilibrium point 04(0, 0, 0)

is given by
—B—=8 o 0
B -5 0 |. (2.5)
0 f  —e

The characteristic equation of above matrix is
A+ ) (N2 (B + 81+ B2)A+ By + 818 — B ) = 0.

Hence, it has one negative characteristic root A; = —e < 0, the other two characteristic roots are deter-
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mined by the equation
A4 (B + 81 +82)A+ oy + 8182 — ap = 0. (2.6)
Noting that under the assumption (2.4), the two characteristic roots of equation (2.6) satisfy
AM4+A3=—(B+81+8) <0, AA3=p0+818—ap >0,

hence, A; < 0,A3 < 0. Above analysis shows that the three characteristic roots of the matrix (2.5) are all
negative, hence, 0O1(0,0,0) is locally stable. This ends the proof of Theorem 2.1. O

Theorem 2.2. Assume that
ap > 62(6 + 51) 2.7)

holds, then Aq(X14, X2+, Wy ) is locally asymptotically stable.

Proof. From (2.3) we could see that the Jacobian matrix of the system about the equilibrium point
A1(X14, %24, Uy) is given by

—pB -5 o 0
B —0p — 2yXp4 —du, —dxo. | . (2.8)
0 f —e

The characteristic equation of system (1.1) at Aq(X1., X24, Uy ) is
A+ BiAZ+BoA+ B3 =0,
where

By =du, +2yx. +B+061+dr+e
By = (B +81) (dux +2y x4 + 02) — o B + dxos F+ (duts + 2y X2+ + B+ 81 +82) €,
Bs = ([3+61)(du* +2’}/X2*—|—52)e—0(f>€+de2* (B—i—él).

From (2.1) and (2.2), we have

Al + 27 %0 + 82 = B +yxos = P 1 yxp,.
X2 B+
Therefore,
By =du.+2yx, +pB+01+02+e>0,
B2 = (B +51) (BaTB(Sl-H/Xz*)—0<f5+dXz*f+(du*+2va*+[3+61+52)e

> dxg, f+ (duy +2yx0, + B+ 81 +82)e >0,
Bs = (B+687) (dus +2vx2s +62)e— P e+ fdxas (P +671)

— (B +5) (ﬁ"%l Fyxa)e— et fdx. (B+51) > fd. (B+51)>0.

Set K = du, +2v xo. + 67, then
BiBy— By = (K+ 01+ B+e) [(B+01)K+ (K+B+81)e

— a + fdx, | — (B +81)Ke + aBe — fdxa. (B +81)

xp

> (K+61+[5+e) [(ﬁ+51)ﬁ+61

+(K+B+671)e
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—op +fdxz4 — (B +81)Ke + afe — fdxp. (B + 87)
> <K+61 +B+e) [(K+ B+ 61)e+ fdxas| — (B +81)Ke + ape — fdxou (B + 51)
> (K+61+[5+e)(K+B+61)e—([3+61)Ke+oc[Se
> ofe > 0.

By Hurwitz criterion, the three characteristic roots of the matrix (2.8) are all negative, hence, Aj(x1., X2«, W)
is locally asymptotically stable. This ends the proof of Theorem 2.2. 0

3. Global attractivity

This section try to obtain some sufficient conditions which could ensure the global asymptotical sta-
bility of the equilibria of system (1.1).

Theorem 3.1. Assume that

ap < 62(6 + 51) 3.1)
holds, then O1(0,0,0) is globally asymptotically stable.
Proof. Condition (3.1) is equal to

1 fodh)
— 8+ —(6,— f . 2
B0, 2+2f<2 [3+51> <0 (3-2)
We will prove Theorem 3.1 by constructing some suitable Lyapunov function. Let’s define a Lyapunov
function

p

Vi(x1, %2, 1) = B +61X1 +x2 +kau,

where
1 op
ks = — (8, — .
37 of (52 [3+61>

One could easily see that the function V; is zero at the equilibrium O(0,0,0) and is positive for all other
positive values of x1, x2, and u. The time derivative of V; along the trajectories of (1.1) is

DVi(t) = 5 Eél (ocxz —PBx1— 6x1) + Bx1 — doxp —yx% — duxy; — kzeu + kzfx,
o 2
= — 07+ k; f)x —vx5 — dux, — kseu.
([5+61 2 3 2 —YXp 2 3

It then follows from (3.2) that D*V;(t) < 0 strictly for all x1,xp,u > 0 except the boundary equilibrium
01(0,0,0), where D*V;(t) = 0. Thus, V1(x1,x2, u) satisfies Lyapunov’s asymptotic stability theorem, and
the boundary equilibrium O4(0,0,0) of system (1.1) is globally asymptotically stable. This completes the
proof of Theorem 3.1. O

Theorem 3.2. Assume that
ap > 5 ([5 + 51)
holds, then Aq(X14, X2+, Uy ) is globally asymptotically stable.

Proof. We will prove Theorem 3.2 by constructing some suitable Lyapunov function. Let’s define a Lya-
punov function

X2
X2x

X1
X1

Va(x1,x2,u) = kg (X1 —X1x — X1 In ) +ko (Xz — X2x — X24 In ) + ks (u—w,)?,

where k1, ky, k3 are some positive constants determined later. One could easily see that the function V;
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is zero at the equilibrium Aj(x1., X2, u,) and is positive for all other positive values of x;,x, and u. The
time derivative of V; along the trajectories of (1.1) is

X2 — X2«

DHVa(t) = ki by 4k 22,
X1 X2
X1 — X
_ kl 1 - 1 (O(Xz o ([3 +61)X]) (33)
X2 — X24
T . 2 <f5X1 — 8aXp —YX5 — dwq) +2ks(u —w)(—eu+ fixp).
2

Noting that from the relationship of x1., x2. and u, (see (2.2)), we have

o X2
oxg — (B +81)x1 = (X2X1* —X1X2*> + oo % — (ﬁ + 51)X1
X )
= (_XZ(Xl —X14) +%x1(x2 —Xz*)),
X1
also, from (2.1) and (2.3), we have
Bx1 — Spxp —yx5 — duxy = XB (X1X2* - X2X1*> + Bx2 il* — 8%2 — x5 — duxy
2 2%
5 ( ) ( xfp 2
= X1X2% — X1X2 + X1X2 — X2X1x | + —6>x—x—dux
X2 1X2 1X2 1X2 2X1 B+ 0, 2 |X2 =YXy 2 (3.5)
f
= xﬁ (xlxz* —X1X2 + X1Xp — xzx1*> + (y + dg)xz*xz —yx% — duxy
2%
B
% X1 (X2 — x2) + x2(x1 — X14) ) + X2 (X260 — X2) + dx2 (Ws — ),
from the third equation of (2.2), we have
—eu+ fxo = —euw + fxo + el — fxpp = —e(u — Uy ) + (X2 — X4 ). (3.6)

Applying (3.4)-(3.6) to (3.3) leads to

X1 — X1 X
D™V,(t) =k —— (_XZ(Xl_Xl*)+X1(X2_X2*)>
X1 X1x
X2 — X2« [3
+ ko (Xl(XZ* —x2) +x2(x1 _Xl*))
X2 X2
+ szXz X2 T X2x (Xz* - Xz) + kZdXZ X2 T X2 (u* — u)
X2 X2

+2ka(u—w) (— elu—w) + flo —x2.))

kiox kix k
= Z(Xl—Xl*)2+(7l + 2[3)(X1_X1*)(X2—X2*)
X1X1% X1x X2
koBx 2
2P (x2 —x24)% — kay (Xz — Xz*) + kod(x2 — x24) (U — 1)
X2X2sx

— 2kse(w —wy)? + 2kaf(u — Wy ) (X2 — X4 ).

d
Now let’s choose ko = 1,k; = %,h = —, then
X4 O 2f
X
DHVa(t) = — P2y —x0 + 22 (0 — xa) 2 — x22)
X1X2x 2%
X 2 de
_Pa (x2 — x24) —Y<X2—Xz*) ——(u—u)?
X2X2« f




L. Lai, X. Yu, F. Chen, Math. Nat. Sci., 5 (2019), 1-12 8

Hence, DV, (t) < 0 strictly for all x1,x2,u > 0 except the positive equilibrium A(x1., X2, Us), where
D*V,(t) = 0. Thus, Va(x1,x2,u) satisfies Lyapunov’s asymptotic stability theorem, and the positive
equilibrium Aj(x1., X2«, U) of system (1.1) is globally asymptotically stable. This completes the proof of
Theorem 3.2. O

Remark 3.3. Compared with Theorems 3.1 and 3.2, we showed that if the system is globally stable, then
the feedback control variable only change the position of the unique positive equilibrium and retain the
stable property. If the system is extinct, then we show that the system with feedback control is also extinct.

Remark 3.4. For the case the system admits a unique positive equilibrium, from Theorems 3.2 and 2.2
and the expression of xi,,X2. (see (2.1)), one could easily see that xo, < x3,x1, < x], where (xj,x3) is
the unique positive equilibrium of the system (1.4). Hence, the feedback control variable alter the system
structurally so as to make the population stabilize at value lower than the original system.

Remark 3.5. Condition B > 82(f3 + 61) is sufficient and necessary to ensure the systems (1.1) and (1.4)
admit a unique positive equilibrium, hence, we could draw the conclusion: if the system (1.4) admits the
unique positive equilibrium, the feedback control variables will have no influence on the stability of the
system.

4. Numeric simulations
Now let’s consider the following examples.
Example 4.1. Let’s consider the single species stage structure system with feedback control:

%Z?)Xz—Xl—Xl, %zm—xz—’é_xzw %:—u—i—x, (4.1)

here we choose p =61 =0, =y=e=f=1,x =3. Hence
o =3>2=>58(p+dq).

It follows from Theorem 3.2 that the unique positive equilibrium A;(3, §, 1) is globally asymptotically
stable. Numeric simulations (Figs. 1, 2, 3) also support this assertion.

1.0
1.0 }

0.9
0.9

0.8
0.8

0.7
0.7

0.6

0.5

04 049

0.3 0.3

02 0.24

Figure 1: Dynamics behaviors of the first compo- Figure 2: Dynamics behaviors of the second com-
nent xq(t) of system (4.1), here we take a« = 3 ponent x;(t) of the system (4.1). Here, we take
and the initial conditions  (x1(0),x2(0),u(0))= « = 3 and the initial conditions (x7(0),x2(0),u(0)) =
(0.5,0.1,0.2),(0.1,0.1,0.1),(1,1,1) and (0.4,04,04), (0.5,0.1,0.2),(0.1,0.1,0.1),(1,1,1) and (0.4,04,0.4), re-

respectively. spectively.
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1.0 l"

0.9

0.8 0.84

0.7

0.6

0.6
u(t) xI(1)

0.54

0.4

0.4

0.3 0.24

0.2

0.1+ . . . . 0 =

0 5 10 15 20 0 5 10 15 20
t t

Figure 3: Dynamics behaviors of the third compo- Figure 4: Dynamics behaviors of the first compo-
nent u(t) of the system (4.1), here we take a = nent x;(t) of the system (4.2), here we take & =
3 and the initial conditions (x1(0),x2(0),u(0)) = 1 and the initial conditions (x1(0),x2(0),u(0)) =
(0.5,0.1,0.2),(0.1,0.1,0.1),(1,1,1) and (0.4,0.4,0.4), re- (0.5,0.1,0.2),(0.1,0.1,0.1),(1,1,1) and (0.4,0.4,04), re-
spectively. spectively.

Example 4.2. Let’s consider the single species stage structure system with feedback control:

dX1 dXz
—, = X2 — X1 —X1,

du
— X1 — X — X2 — — = 4.2
dt dt X1 — X2 — X3 —X2U, u—+x, 4.2)

dt
here we choose f =61 =6, =y =e=f=a=1. Hence
o =1<2=258(p+d).

It follows from Theorem 3.1 that the boundary equilibrium O4(0,0,0) is globally asymptotically stable.
Numeric simulations (Figs. 4, 5, 6) also support this assertion.

0.8 0.8+

0.6 0.6
x2(1) u(t)

0.4 0.4

0.2 0.2

0 S 0

0 5 10 15 20 0 5 10 15 20
Figure 5: Dynamics behaviors of the second compo- Figure 6: Dynamics behaviors of the third compo-
nent xp(t) of the system (4.2), here we take & = nent u(t) of the system (4.2), here we take a =
1 and the initial conditions (x1(0),x2(0),u(0)) = 1 and the initial conditions (x1(0),x2(0),u(0)) =
(0.5,0.1,0.2),(0.1,0.1,0.1),(1,1,1) and (0.4,0.4,0.4), re- (0.5,0.1,0.2),(0.1,0.1,0.1),(1,1,1) and (0.4,0.4,0.4), re-

spectively. spectively.
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5. Conclusion

Since the pioneering work of Gopalsamy and Weng [18], the study of the dynamic behaviors of ecosys-
tem with feedback control system becomes one of the main topics of mathematics biology (see [18-32]
and the references cited therein). Among those works, two papers seems very interesting, the first one
is Ding and Cheng [14], they proposed the single species stage structured system with feedback control
(system (1.6)), though they showed the system admits unique positive equilibrium, they needed some ad-
ditional condition (inequality (1.7)) to ensure the global asymptotically stable of the positive equilibrium.
The second interesting paper is wrote by Li et al. [27], they proposed a competitive system with feedback
controls, they found that for the extinct case, by choosing suitable control variables, extinct species can
become globally stable, or still keep the property of extinction, which means that the feedback control
mechanism is one of the essential method to avoid the extinction of the species. On the other hand, re-
cently, Khajanchi and Banerjee [23] proposed a stage structured predator prey system (system (1.3)), and
their success stimulated us to propose the system (1.1).

It seems that our results are also very interesting. We showed that if the system (1.4) admits a unique
positive equilibrium, then feedback control variable could only alter the positive equilibrium to a lower
case and could not change the stability property of the positive equilibrium, and for the extinct case,
dislike the results of Li et al. [27], we show that the system still driven to extinction, and feedback
mechanism could not avoid the extinct of the species.

Condition (2.7) could also be rewrite as & > &, (1 + %), from this, we could find that the birth rate of

the immature species and death rate of the mature species play most important role on the persistent and
stability of the system. Promoting the birth rate of the immature species and reducing the death rate of
the mature species will increasing the stability of the system.
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