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Abstract

In this study, the global exponential stability (GES) of the zero solution of a nonlinear neutral volterra integro-differential
equation (NVIDE) with variable lags has been investigated. Based on the Lyapunov functional approach, a new stability criterion
was derived for global exponential stability criterions of the considered equation. An example with numeric simulation has been
given to demonstrate the applicability and accuracy of the obtained result by MATLAB Simulink.
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1. Introduction

The stability analysis of neutral differential equations/systems has been investigated extensively by
many researchers for the past few decades. It is well known that this equations or systems are frequently
used in various practical engineering systems such as power systems, aircraft, chemical and control sys-
tems. The question of asymptotic or exponential stability of neutral differential equations (NDEs) is very
important both theoretically and practically. Recently, the stability analysis for neutral equations with
time-lags has been examined by many authors.

It should be noted that, Agarwal and Grace [1] consider the NDE form

s x+c(t)x(t—T)] +p(t)x = q(t)tanhx(t—0), t=>0, (1.1)

where T and o are positive real constants o > T,¢,p,q : [tg,00) — [ty,00) are continuous, and c(t) is
differentiable with locally bounded derivative. The authors obtained sufficient conditions under which
all solutions of the NDE (1.1) approach zero as t — co.
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At the same time, Keadnarmol and Rojsiraphisal [11] considered the NDE form

%[x—i—px(t—fr(t))] = —ax+ btanhx(t— o(t)). (1.2)
Using the Lyapunov functional approach, the authors established some sufficient conditions for the
GES of solutions of NDE (1.2).
In addition, Park and Kwon [18] presented that all solutions of NDE

%[vw—px(t—'t)] +ax—btanhx(t—0o), t>=0, (1.3)
approach zero at t — oo.

In the related literature, the most of researchers have focused on the qualitative properties of special
case of NDEs (1.1)—(1.3) with constant or variable coefficients and several lags. During the investigations,
the authors benefited from different methods such as the Liapunovs function method, integral inequal-
ities, linear matrix inequality, perturbation techniques, model transformations, etc. (see [1-23] and the
references therein).

In this paper, instead of the NDEs motivated by the preceding discussion we consider the following
nonlinear NVIDE with variable lags:

2 2
% [x+ ; pilt)x(t —Ti(t))] =—a(t)h(x) + ; bi(t) tanh x(t — i (t))

t

2
+ZJ c(t,s)g(x(s))ds, t=>0, (14)

i=1 t*"(i(t)

where g,h : R = R,c: ® — R,a,b and p are continuous functions on their respective domains, @ :=
{(t,s): 0 < s <t< oo} with g(0) =0,h(0) = 0; the function by, i = (1,2) is continuous and differentiable,

and

2
> pi(t)‘ < po < 1, (po-constant). The variable lags Ti(t) are continuous and differentiable, which
-i__

=1
are defined by i (t) : [0, 00) — [0, Ti] satisfying
0<mi(t) <ty Ti(t) <8 <1, (1.5)

where 1y >0and 6; >0fori=1,2.
Throughout this paper, x(t) is abbreviated as x.
For NVIDE (1.4), we assume the existence of initial condition

x0(0) = $(0), Oel[—m;,0],

where ¢peC([—7;,0;R), (i=1,2).

Define
h(x)
X #0,
hi(x) = o (1.6)
dh
ac x=0,
and
(x)
a0,
g1(x) = (1.7)
4910 '« — 0.

dt ”/
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From (1.6) and (1.7), NVIDE (1.4) can be readily rewritten as follows:

dtx—l—Zpl xX(t—Ti(t)] = X+Zb t) tanh x(t — 7 (t))

+ ZJ c(t,s)gi(x(s))x(s)ds, t=0. (1.8)

i=1 t—Ti(t)
The main purpose and contribution of this study can be summarized as follows aspects:

(i) This research on the GES of NVIDE is still at the stage of exploiting and developing. Therefore, we
propose a new stability criterion for further improvements.

(ii) The technique of proof in this study involves some basic inequalities and Lyapunov function method.
The obtained stability criteria are defined as matrix inequalities which are also convenient and feasible to
test the GES of the addressed nonlinear NVIDE.

(iif) Compared to the existing results in [1, 2, 5-7, 11, 12, 14, 16-21], the results of this study are more
general. In addition, an example with numerical simulation is given to show the effectiveness of the
obtained theoretical result. The result presented in this study contributes to the neutral type delayed
equations and related ones.

2. Preliminaries and stability results

For convenience, let D1(t) = x + Z pi(t)x(t —Ti(t)). Thus, NVIDE (1.8) can be readily written as
i=1

D{ = dtx—l—Zpl x(t=T(t)] == a(thhi ()x+ 3 bi(t) tanhx(t —7i(t))

+ ZJ c(t,s)gi(x(s))x(s)ds, t=0.

t—Ti(t)
With the new variable defined above, we can write the descriptor form of NVIDE (1.8) as follows:
D! = —a(t)hy (x)x + Z bi(t) tanhx(t — Ti(t)) + Z Ttor o €t s)g1(x(s))x(s)ds,

(2.1)
0:—D1+x+Zp1 x(t—Ti(t)).

We assume that there exist nonnegative o, ai, mi, ni, p1i, p2i and positive constants by, bp; such that
forO0<s<t<ooand t > 1,

ap<alt)<ay, cft,s) <o, b <bi(t) <by, bi(t) <O, (2.2)

P11 < pilt) < pais ) <po<l m<gilx)<my, ny <h(x) <ny, (2.3)

fori=1,2.
Before state the main result, the following basic definition, lemma, proposition and theorem are
needed.

Definition 2.1. The solution 0 = x of NVIDE (1.8) is exponential stability if
x|l < Kexp(—At)sub_ <s<ol|x(s)]| = Kexp(—=At)||xol[s, (2.4)

where K > 0eR, A(>0)eR and |[x¢[|s = sub_r,<s<ol|x(t+ )|, 1=(1,2).
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Lemma 2.2. Let NeR™ ™™ be any symmetric positive-definite matrix and x,yeR™. Then
+2xTy < x"Nx+y 'N71y.
Proposition 2.3. Let M > 0, i > 0, Z pilt ‘ po<land 0 < 7i(t) <7, (i=1,2). Ifx:[-Ti,00) = R
i=1
satisfies
[x[| < supse—r,00lX(s)]l = IIxolls, te[—Ti, 0],
and
[x]] < pollx(t—Ti(t))| +Miexp(—uit),
then three are positive constants €, mi€ [O, _1;:"0] such that
poexp(eTi) < 1,
and
< —mit L —eit) < Niexp(—9it), 2.

I < Iallsexp(met]| + g s expl—eit) < Niexp(—9i1) 25)

where t > 0, Ny = ||xol|s + % and ¥; = min{my, ei} fori =1, 2.

2
Proof. Considering the assumptions

i=1
p()sitive constant £i, M€ |:0, —lnpo TU
1

that inequality (2.5) is true. If p; < €4, we can choose p; = ¢, else if p; > €, we have exp(—pu;t)
fori=1,2.
For t = 0, we have

[IX(0)]] < pollx(—Ti(0))]| +Mi < posup —r;<s<ollx(s)]| + My
M;
1 —poexp(eiTi)

< HXOHS+ ENi/ (1:1/2)

Therefore, the inequality (2.5) is true when t = 0.
Now, let t > 0. Suppose that inequality (2.5) fails. Hence, there is t* > 0 such that

i

1 —poexp(eiTi)

[IX(E) > [[xollsexp(—mit") + exp(—eit”) = Niexp(—dit),

and

i

1 —poexp(eiTi)

[Ix()]| < [Ixollsexp(—mit) + exp(—eit) = Niexp(—dit),
for all te[0,t*) and i =1, 2.
Al. Let t* > 1;(t*) > 0,i = (1,2). Then

()] <Pollx(t” — T (t*)) | + Miexp(—pwit")

> ‘pi(t)‘ <po < 1land 0 < Ti(t) < 714, one can find sufficient small

] such that poexp(eiti) < 1 and poexp(myiti) < 1,1 = (1,2). We verify
< exp(eit)

(2.6)
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My
1 —poexp(eiti)

<pofllxollsexp(—mi(t" —Ti(t7))) + exp(—ei(t" —i(t7)))}

+ Miexp(—eit")

Mipoexp(&iTi)
1 —poexp(eiTi)

<poexp(miti)||xollsexp(—mit™) + exp(—eit”)

+ Mjexp(—eit")
+ M
1 —poexp(eiTi)

<[Ixollsexp(—mi(t*) exp(—eit*) = Niexp(—dt*).

A2. Let —1; < 0 < t* < 13(t*), (i = 1,2). Then
[x(t" = (TN < [Ix0lls = supser—,ollx(s)l,
and hence, it follows that

()| <pollx(t” — i (t%))]| + Miexp(—pit?)
i

+
1—poexp(eiTi)

<[Ixollsexp(—mit™) exp(—eit") = Njexp(—dt"),

fori=1,2.
It is clear that there is a contradiction to inequality (2.6) for both cases A1l and A2. Therefore, inequality
(2.5) is true for all t > 0. O]

Theorem 2.4. Let 0, ai, my, ny, (1 = 1,2) be nonnegative constants. Then trivial solution of NVIDE (1.8) with
2
> pi(t)' < po < 1 and there exist positive constants byy, bai, p1, &, k and constants p;, (1 = 1,2

(1.5) is GES if
i=1
andj=2,3,---,6), such that

[ 2kp1 —2p2 Z12 Zi13  Zua P1b2y p1b22 217 P3
* T 4ps  4ps 0 0 Ps 4ps
* * =33 —2p¢ 0 0 237 —2pe
- * * * 544 0 0 547 —296
- * * * * —bn(l — 61) 0 0 0 < 0’ (27)
* * * * * —b1p(1—62) O 0
* * * * * * 2p5 ps
i * * * * * * * —2p6
where Z1p = —prainy + p2 —2p3, 13 = P2P21 + P3,214 = P2P22 + P3,217 = Op1M2 — P4, T2 = 2(—4pe +

P5) + (o4 b21)e™ ™ + (o + bo)e™ ™, Zg3 = —a(1—81) —2p6, a7 = pap21 + 05, Zag = —(1 —82) — 2ps,
Z47 = p4P22 + ps5 and the symbols " x 7 shows the elements below the main diagonal of the symmetric matrix =.

Proof. To prove the theorem, we define a new Lyapunov functional as follows

V(t) = Vi(t) + Va(t) + V3(t),

where
2 ot 1 00 pi1 0 O D1
Vi(t) :eZkt[Dl,ZJ x(s)ds, 0 | 0 0 O 2 p3 O Y i [t o X(s)ds
i=1 Y t-mlt) 000 P4 P5 Po 0

2kt - 12
=e"~ p1D7,
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2 ot
Vs (t) :ocZ J klsH+Ti)y2(5)ds + Z bi( J e2<(s+7) tan h?x(s)ds,

i—=1 t_Ti(t) t—1i(t)

V3(t) =ne’*'D?,

where D7 = x + Z‘p1 x(t—7i(t)),p1 > 0, > 0,b4(t) > 0,p5 € R, (i =1,2,j = 2,3,---,6), and
i=1
1n(> 0) € R, we determine it later.

When the time derivative of V; and V; along the trajectory of system (2.1) are calculate, we obtain

Vi(t) = e***(2kp;D? +2p;D1D})

2 ot 100 P1 P2 P3 D}
—2e2ktkp1D§+2e2kt[D1,ZJ x(s)ds,O] 000 0 ps Ps 0
i—1 JtoT(t) 00O 0 0 opg 0
2
Benefited from the formula, 2x — .le(t—”tl Z ft s s)ds, we have
i=
V| (t) = 2e**%kp,D?
2 .t 2 .t 2 P1 P2 P3
+ 2%kt [DLZJ' x(s)ds,—ZJ x’(s)ds+2x—Zx(t—n(t))] 0 qs4 gs

=1t T(t) i=1 V=Tt i=1 0 0 pe
_ ) :
—a(t)hi(x)x+ >_ bi(t) tanhx(t — Ty (t Z jt - c(t,s)gi1(x(s))x(s)ds

i=1
x —D1+x+zp1 x(t— (1))
ZL Tt $)ds—2x+ 3 x(t—i(1)
L i=1 |
t
=2¢* 'kp D] + 2e7** [D1 p1, D1p2 + pa Z J x(s)ds,
i=1 t—Ti(t)
2 .t 2 .t
Dips+s Y| ds—pézj x'(s)ds+2p6x—pézj X(t— (1))
i—1 tfﬂri(t i1 Jt— Ti(t) i—1 t—7i(t)

—a(t)hy(x)x + Zb t) tanhx(t — T3 (t Z ft () €t 8)gi(x(s))x(s)ds
i=1

X —D; +X+ZP1 x(t—Ti(t))
i=1

2
th o X (s)ds —2x + Z (t—mTi(t

2
—2¢%*tkp, D? —I—ZeZkt{ —Dipra(t)hy(x)x +Dip1 Z t) tanh x(t — i (t))

2 ot
#Dip Y| clts)ga(x(s))x(s)ds — Dipa + Dipax
i—1 t—Ti(t)
2

+D1p2 Y pilt)x(t—Tilt D1D4ZJ

i1 t—Ti(t)

x(s dS+p4XZJ x(s)ds

t—Ti(t)
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2 2 t
+p4Zj (s)ds 3 pi(txt—i() +Dipa) | x'(s)ds—2Dipax
t—Ti(t) i=1 i—1 Jt—Ti(t)
2 t 2 t 2 t
+D1p32x(t'ci(t))+p5ZJ x(s)dsZJ x’(s)d52p5xZJ x(s)ds
i=1 i=1 t—7;(t) i=1 t—7;(t) i=1 t—7;i(t)
2 t 2 2 t 2 2 t
—I—p5ZJ x(s)dst(t—Ti(t))—%[ZJ x/(s)ds] —|—2p6xZJ x'(s)ds
i1 Jt-ml(t) i=1 = Jt—Ti(t) et
2 2 2 ¢
—p6ZJ X/(S)dSZX(t—Ti(t))+ZP6XZJ x'(s)ds — 4pgx?
1= Y t—Ti(t) i—1 i1 Jt—Ti(t)
2 2 2t
+2px Y x(t-mlt) —ps Y xt-m()Y [ x(s)as
i=1 i=1 i—1 Jt—Ta(t)
2 2 2
+2p6xe(t—n(t))—pé[zx(t—n(t))] }
i=1 i=1
zez‘“{(ka —202)D7 + 2[—pra(t)hi(x) + p2 — 2p3]xD1 — 8pex’
2
+2D1p1 )_ bi(t)tanhx(t — 7i(t)) + 2D1py ZJ c(t, s)g1(x(s))x(s)ds
i=1 t—1i(t)
2t t
+2D1pzZp1 t—TI(t))—2Dlp4ZJ x(s )ds+294XZJ x(s)ds
i—1 i—1 Jt—Ta(t) t—Ti(t)
2t
+2p4ZJ dsZp1 x(t —Ti( ))+2D1png x'(s)ds
t— Tl(t) i=1 t—1i(t)
+2D1p3 Zx(t—'ti(t)) +2p5ZJ dsZJ x'(s)ds
i=1 i—1 t_Ti(t) t—Ti(t)

2 ot
—4p5xZJ ds—|—2p5ZJ x(s)dst(t—n(t))
i1 tfﬂci(t =1 Jt— Ti(t) i—1
2 ot 2 t
—2p6[ J x’(s)ds] +8p6xZJ x'(s)ds
i=1 t*Ti(t) i=1 t*Ti(t)
2 .t 2 2
—4p6ZJ X(s)ds 3 x(t—Ti(1)) +8pex 3 x(t— (1))
i=1 Jt-mi(t) i=1 i=1

Taking into account conditions (2.2), (2.3) and Lemma 2.2 by

i=1

2
> pi(t)‘ < po < 1, we have

Vi (t) < &<t { (2kp1 —2p2) D7 + 2[—praing + p2 — 2p3lxDy

+2p1by1Dq tan hx(t — 11(t)) + 2p1 b2 D1 tan hx(t — T2 (t))



Y. Altun, Math. Nat. Sci., 5 (2019), 2943

36

t
+2(0p1ma — ps) Dlzj  X(5)ds +2002pn 4 p3IDpx(t i (4)
t—Ti(t
2 ot
+2(pap2 + p3)Dix(t—a(t)) + 20x Y | L Xods
i—=1 t—Ti(t

t 2

2 t 2
2o +osxit—m() )| )x(s)ds+2p5[zj ( )x(s)ds]
i=1 t—Ti(t i=1 t—Ti(t

2 .t 2 .t
2pupn +ps(t-(t) ) [ xiods+20D1 ) | wslas
1= Jt—Ti(t) 1= v t—Ti(t)
2 t 2 t 2 t 2
2 x(s)ds x'(s)ds —2 J x'sds]
i pSEJtTi(t) s) ;L’Ci(t) (s 96[; t—1i(t) (s)
2 ot 2 ot
+8p6xZJ x'(s)ds —4pgx(t — T (1)) ZJ x'(s)ds
i—1 Y t-Tilt) 1—1 Jt—Ti(t)
2 et
—4pex(t —T1(t)) ZJ . x'(s)ds + 8pexx(t — 1 (t)) + 8pexx(t —Ta(t))
i=1 t—Ti(t

—2pex%(t — 11 (1)) — 4pex(t — 71 (t))x(t — T2 (t)) _296X2(t—’f2(t))}-

V5 (t) =ae? Ty — e Tt (1 — o] (4))xP (t — Ty ()
/

2
_i_(erk(tJr’rz)XZ_(erk(tJrTz Tz(t))(l TZ(t)) z(t—Tz(t))

rt

+b1(t) e2X(s+1) tanh? x(s)ds + by (£)e2*(t+™) tanh? x

Jt*Tl(t)

— by (£)e2k =T (1 — 1/ (1)) tanh?® x (t — 71 (1))

rt

+b5(t) e2(st2) tanh? x(s)ds + by (t)e2*(t+72) tanh? x

Jt— Tl(t)

— by (t)e2k TRt (1 — 15 (1)) tanh? x (t — T2 (t)).

Using the conditions (1.5) and (2.2) with applying the estimate tanh”x < x2, we have

Va(t) <62’“{ [(cx +21)e2RT 4 (o + bop) K2 %2
—a(1—8)x3(t— T (1) — (1 — 82)x3(t — Ta (1))

—by1(1—81) tanhx*(t — 71 (t)) — bia (1 — 82) tanh x*(t — Tz(t))}.
Combining equations (2.8) and (2.9), we can readily get

Vi(t) +V3(t) < Zkt{(zkpl 2p2)D? 4+ 2[—prainy + p2 — 2p3]D1x

+2(p2p21 + p3)D1x(t — T1(t)) + 2(p2p22 + p3)D1x(t — T2(t))
+2p1by1Dq tan hx(t — 11 (t)) + 2p1b2pDq tan hx(t — 1o (t))

t t

+2(opma—pi)D1 Y| xls)ds+ 200Dy ZJ X/(s)ds

i—1 Jt—Ta(t) 1 JtTi(t)

2.8)

(2.9)
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+ [2(—4p6 + p5) + (0t + by ) e ™ + (a + bzz)eszz] x2

+8pex(x(t—T1(t)) +x(t—To(t +204XZJ x(s)ds

t—Ti(t)

+8p6XZJ x'(s)ds — [o(1 — 87) + 2pe)x%(t — 11 (1))

i=1 t—Ti(t)
2 .t

— 4pex(t — 11 (1))x(t — T2(t)) + 2(papa1 + p5)x(t— (1) ) L " x(s)ds
i=1 7T

2 .t

—dpoxlt—m(t) Y| X8~ 2l =82) + 20— (1)
i=1t"T0

2 .t

2 .t
+2{pap +ps)xt—a(0) ) | ( )x(s)ds—4p6x(t—rz(t))zj IRLCLE
Tl Tt
—b11(1—67) tanhxz(t—ﬁ(t) —b12(1—67) tanhxz(t—’rz(t)}
2 .t

2 2 ot 2 ot
+2p5[ZL_T(t)x(s)ds] +2p5ZJ s)dsZJ x'(s)ds

i=1 i=1 /Tt i=1 /()

2 t 2
—2p6[ J x’(s)ds}
; t—T1i(t)
Zkt,ntr—,n(t)
where 7t(t) = [Dl, x, x(t—11(1)), x(t—12(t)), tanhx(t—T1(t)), tanhx(t—1(t Z ft - s)ds,
T
Z [ N ds} and = is defined in Eq. (2.7). The requirement = < 0 when taken into consideration,

1t 1s clear that
Vi (t) + V5(t) < e®a’ (t)Zn(t) < 0.

Thus, there is a positive constant A such that

Vi (t) + V5(t) < —Ae?<t <HD1H2 + x4 fIx(t =71 (0)]]2 + [|x(t — T (t)]?

2 .t
+ || tanh x(t — 1 () ||* + || tanh x(t — T2 (t))]|* + ZJ x(s)ds

2 .t
HIX ] X
; t—7y (t)
< A [x|2
Calculating the derivative of V3 along the trajectory of system (2.1), we get

V4(t) =2¢?*'n(D D} + kD?)

o2kt {[X-FZPI x(t — Ti( ))] N |:—Cl(t)h1(X)X
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2

t
+Zb t) tanh x(t — Tl(t))—i—ZJ c(t, s)g1(x(s))x(s)ds
i—1Yy—Ti(t)

2
+k[x+Zpl x(t— Tl(t))]}

i=1
zzeZktn{ — a(t)hy (x)x% + by (t)x tanh x(t — 11 (1))
2 ot

+ by (t)x tanh x(t — 1o (1)) +XZJ c(t,s)g1(x(s))x(s)ds

i=1 t—1i(t)

2 ot
Fpalth(t—na) Y | cltsigi(x(s)xls)ds

+ 1o + kpi (X3 (t — 11 (1) + kp3 (%3 (t — Ta(t))
+ 2kp1 (t)xx(t — T1(t)) 4+ 2kp2 (t)xx(t — T2(t))

+ 2kp1 (H)p2(t)x(t — 71 (t))x(t — T2(t)) }

Utilizing conditions (2.2), (2.3) and by

2
> pi(t)‘ < po < 1, we obtain
i=1

Vi(t) <62ktn{ —2a1n1x? + 2by (t)x tanh x(t — 71 (t)) + 2by (t)x tanh x(t — T2 (t))

+20mpx Z J " x(s)ds —2ainiprixx(t —11(t)) —2aimypiaxx(t — T2 (t))
i=1 t—Ti(t

2

t
+ 2prrompx(t —T(t)) ZJ x(s)ds
=1 Y tT(t)

2 .t
Fappomanit-n() Y | x(sds

1= Jt—T (t)
+ 2kx? 4 2kp3 X2 (t — 11 (1)) + 2kpZx 3 (t — T2 (1))
+ 4kparxx(t — 11 (t)) + 4kpaz(t)xx(t — T2(t))

+4kP21P22(t)X(t—Tl(t))x(t—Tz(t))}-
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From the Lemma 2.2, we have
V3(t) <€2ktn{ [Zk —2ayny + [bo1* + [b2f? + [maol? + [ayypu? + laynypol?
+ 4fkpoy > + 4|kP22|2] X2+ [21<P%1 + [b21P21* + [b22p21 [* + [p2rmaof?
4 2 2 2 2 2
+4[kpo1p2l” + 2] x(t—1(t)) + {kazz + [ba1p22l” + [b2op2|

+ [poamao]? + 3} X2 (t —15(t)) + 3tanh? x(t — 1y (1))

2 t 2
+3tanh2x(t—T2(t))+3[ZJ x(s)ds} }
(t)

i=17tT
Let us choose the constant 1 as
A i 11 1 .
jmln 5'115'2/3}/ if ll) <0/

Ao 1 1 11 .
5 min }, if P >0,

where

&1 = 2kp3;, + [borpal? + [b22p2il? + [parmaol? + 4lkpapl? +2, & = Ipromaof? + [bupxnl* + 2kps, + 3 and
P =2k —2a1ng + by + [bf? + Imaof? + larnypal? + larmapial? + 4kpai* + 4lkpaa .

Hence, we can readily achieve the following inequality

A
Vi) + V3(t) + V3(1) < —5 x| < 0
Since V’(t) is negative-definite and 0 < 7i(t) < T;, (i =1,2), then, V(x) < V(x(0)) for all t > 0, with

V(x(0)) =V (x(0)) + Va(x(0)) + Va(x(0))
2 2
—o1[x(0)+ 3 ps(0x(-i0)
i=1

2 0 2 0
+ocZJ eZk(HTi]xz(s)ds—i-Zbi(O)J 25+ 7 tanh? x(s)ds
i—1 7 —Ti(0) - —Ti(0)

2 2
n|x(0) + ) pim)x(—n(on}
<p1[1+Zp1 } |x0H2+ocZJ

0 2 0 2
+b21J eZK(SHI)( sup ||x(s)|y> ds—i—bzzJ eZk(S+T2J< sup Hx(s)||> ds
—11(0)

—T1<8<0 —12(0) —1,<s<0

2 2
FnlLe Y po)] Il?

i=1

2
eZk(s+TiJ< sup HX(S)H> ds

1(0) —1;<s<0

2 2
<1 {1 + Zm(m} Ioll2 + e o 2 + e o 2
i=1
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2 2
+ b21€”*M1y [[x0 |5 + b2e® o |xo |2 +1 [1 + Zpi(o)} Ixol2
i=1
=Alxollz,

2 2 2 2
where A = p; [1 + 2 Pi(O)} + (ab €271y ) 4 (b e?*™215) +1 [1 + 2 Pi(O)] :
= =

From ne?*t||Dq||2 < V(x) < Al|xo||?, we obtam ||D1|| Mekt,

where M = [de\s Since D = x+ Z pi(t)x(t —Ti(t)), we have

2
Il Dl—Zpl x(t—Ti(1)|| < [|Dall + Zpl x(t— (1) < Me™™ +pg Zx(t—n(t))H.
i=1
Because | )_ pi(t)‘ < po < 1and 0 < Ti(t) < 11, we can choose sufficiently small positive constant
i=1

d=k< #T:W’ so that poe‘%i, i=(1,2) < 1. Taking into account Proposition 2.3, we have

M; s
R e ER )

for (i =1,2) choosing y = max { Ixol|s, “I)\A()é‘m}, we have

x|l < 2ve®,

for (i = 1,2). This implies that the zero solution of NVIDE (1.8) is exponential stability. By radially
unboundedness, it is also GES with rate of convergence k =9 > 0. O

Remark 2.5. It can be easily seen that the zero solution of NVIDE (1.8) is uniformly asymptotically stable,
if k = 0 and the following criterion holds

[ —2p2 12 Z13 Zuis p1b21 p1b2 Z17 p3
* T 4ps 4ps 0 0 Ps 4ps
* * 533 —2p6 0 0 537 —2p6
- * * * 544 0 0 E47 _2p6 0
=T« s s —bp(1—8) 0 o o |V
* * * * * —bp(1—-6,) O 0
* * * * * * 2p5  ps
| x * * * * * *  —2p6 |
where Z1p = —praing +p2 —2p3, Z13 = p2P21 + 03, Z14 = P2P22 +P3, Z17 = OP1M2 — P4, Zp2 = 2(—4pe +

P5) + 20+ by + by, Zzz = —a(1—01) —2ps, Z37 = PaP21 + 05, Zas = —x(1 —82) —2ps, Za7 = P4P22 + P5.

Example 2.6. For i =1, as a special case NVIDE (1.4), we consider the following nonlinear NVIDE time-varying
lag,

d x+ix(t—1 )| =— 2+exp(—t)) [x+ —— —i—ltanhx(t—ﬂr (1))

dt|” ' 8+ t2 B P 1+ x2 3 !

’ x(s)
+ Ln(t) exp(—t+ s)(x(s)mds), t>0. (2.10)
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Here,
Di(t) =x+ 1 x(t—11(t)) (t) = 1 a(t) =2 +exp(—t)
1 — 8+t2 1 ; P1 8+t2/ exp ’
1 sint 1, sin2t 1 1
= — = X =y - X = < e 1/
bit) =3 ) =<5 W =TT-<;<z=b<

Then, we have

h(0) =0 =1<hi(x)<2=mny ¢g(0)=0m =1<gi(x)<2=my

1 1
a; =2 < aft) =2+exp(—t) <3 =ay, by =bi(t) = 3 =by, ax= g, k= e
1 1
t,s) = —t <1=o, =0< t) = <= = = <1,
c(t,s) = exp(—t+s) o, P11l pi(t) 81 Sg - Pu=Po
1 1 1 5 1
frd :7,5 :716 = —, :7,k:7
A==z =g =% g Ty
p1=15>0, pp =15, p3 =05, ps=3 p5s=—-3,p6 =1.5,
and
2kp1 —2p2 —p1aing + p2 —2p3 P2p21 + P3 p1b21 op1M2 — P4 P3
* —8p6 +2p5 + (0 + byy €2k 4pg 0 P4 4pe
s * * —o(1—581) —2p¢ 0 P4P21 + 05 —2p6
== ] ] , ~byy (1) 0 o | <% @1
* * * * 2p5 Ps5
* * * * * —2pg

where 211 = —2.25,21, = —2.5,Z13 = —0.6875,214 = Z15 = 0.5,515 = 0,25 = —16.9409, =p4 = 0,55 =
%, 223 = 226 =6, §33 = -35, 234 = Q, 235 = —2.625, 236 = -3, 244 = —0.26,, 245 = 246 =0, §55 = —6, 256 =
Z66 = —3. The eigenvalues of matrix = defined by (2.11) are —23.1626, —5.8881, —1.9409, —0.7979, —0.1417 and
—0.0197. Thus, it is clear that all the assumptions of Theorem 2.4 hold. This discussion implies that NVIDE (2.10)
is GES.

When the theoretical solution of the above example (Example 2.6) is examined, it is seen that the zero solution
of considered equation in the example is stable after a certain time interval under different initial conditions. This is
confirmed by the related simulation result (Figure 1).

3. Conclusion

In this study, we have derived some a new sufficient condition that guaranteeing the GES of the
zero solution of a NVIDE with variable lags. Stability criterion has been obtained by constructing an
appropriate Lyapunov functional and formulating in matrix inequality form. An example was given to
show the effectiveness of the considered equation by MATLAB Simulink. It is observed that the Example
2.6 and simulation result (Fig.1) verify the efficiency and accuracy of the theoretical result of this study.
The obtained result extends and generalizes the existing ones in the literature.
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